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Abstract- 

The  Irreducible  representations  of  the  scalo-Euclidcan  group  in  three  dimen¬ 
sions  are  introduced,  and  the  general  tensor  is  expanded  in  terms  of  these  repre¬ 
sentations.  The  cases  of  zero-rank  tensor  (scalar),  rank-1  tensor  (vector),  and 
rank-2  tensor,  are  studied  in  detail.  The  expansion  is  shown  to  be  a  generalization 
of  the  Helmholtz  expansion  of  a  vector  into  rotational  and  irrotational  parts. 

As  in  Part  I  of  this  work  (Concepts:  One-Dimensional  Problems),  the  correl¬ 
ations  that  are  introduced  are  invariant  under  changes  of  frames  of  reference.  Cor¬ 
relations  are  set  up  between  tensors  of  different  ranks  and  dimensions.  A  correla¬ 
tion  that  measures  a  degree  of  isotropy  is  defined. 
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The  Expansion  of  Physical  Quantities  in  Terms 
of  the  Irreducible  Representations  of  the 
Scale-Euclidean  Group  and  Applications 
to  the  Construction  of  Scale-Invariant 
Correlation  Functions 

Part  II:  Three-Dimensional  Problems;  Generalizations 
of  the  Helmholtz  Vector  Decomposition  Theorem 


1.  INTRODUCTION.  TDK  THREE-DIMENSIONAL  SCALE-EUCLIDEAN  GROUP 

In  Part  I  (Moses  and  Quesada),  we  introduced  the  scale-Euclidean  group  in  one 
dimension  and  expanded  physical  quantities  in  terms  of  the  irreducible  represen¬ 
tations  of  the  group.  The  expansion  was  a  kind  of  separation  of  variables  which 
makes  it  easier  to  solve  linear  differential  equations,  which  are  invariant  under 
the  group,  and  to  define  correlations  between  physical  quantities  in  such  a  way  that 
they  are  independent  of  the  frame  of  reference  and  units  of  measurement.  The  mo¬ 
tivation  for  introducing  the  scale-Euclidean  group  is  also  valid  for  the  three-dimen¬ 
sional  scale-Euclidean  group. 

This  paper.  Part  II,  a  direct  extension  of  Part  I,  deals  with  the  three-dimen¬ 
sional  group.  The  three-dimensional  group  is  considerably  ricner  than  the  one¬ 
dimensional  group.  Because  of  its  greater  mathematical  complexity,  we  give  our 
results  in  the  body  of  the  paper,  and  present  the  proofs  in  the  appendixes. 

We  shall  be  led  very  naturally  into  generalizations  of  Fourier  transformations 
of  physical  quantities.  In  particular,  we  shall  expand  scalars,  vectors,  and  tensors 
of  rank  2,  in  terms  of  the  irreducible  representations  of  the  group.  We  shall  also 
give  the  relations  between  the  representations  that  appear  in  the  expansion  of  sca¬ 
lars,  vectors,  and  rank-2  tensors  that  are  obtained  from  one  another  by  taking 
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gradients  or  divergences.  It  will  be  shown  that  the  expansion  in  terms  of  the  scale- 
Euclidean  group  is  a  generalization  of  the  Helmholtz  decomposition  of  vectors  into 
rotational  and  irrotational  parts. 

The  rotation  group  is  a  subgroup  of  the  scale-Euclidean  group.  Since  it  plays 
such  an  important  role,  we  shall  discuss  the  rotation  group  and  its  irreducible  rep¬ 
resentations  briefly  before  defining  the  scale-Euclidean  group. 


1.1  The  Rotation  Group  and  Its  Irreducible  Representations; 

Generalized  Surface  Harmonics 

In  a  three-dimensional  space,  rotations  can  be  parametrized  by  a  vector  0, 
where  0  =  101  gives  the  angle  of  rotation  and  the  unit  vector^0/0  gives  the  direction 
of  the  axis  of  rotation.  If  the  frame  of  reference  undergoes  a  rotation  described  by 
0,  then  the  components  of  a  vector  x  given  by  x.  (i  =  1, 2,  3)  in  the  original  frame 
are  given  by  x!  in  the  new  frame,  with 


where  R..(0)  are  the  elements  of  the  rotation  matrix  11^(0) 


(1) 


R..(0)  =  S..cos0  +  0.0.  +  2  «...  0.  sin-  9 , 

V)  ~  i]  02  i  ]  £  k  0 

In  Eq.  (2),  « is  the  usual  antisymmetric  tensor,  that  is. 


(2) 


ejik  *ikj  =  "cijk'  €123  =  (2 

It  will  often  be  convenient  to  regard  the  components  x!  of  the  vector  x  in  the 
rotated  frame  as  the  components  of  another  vector  x'  in  the  original  frame  and 
write  Eq.  (1)  as  a  transformation  in  vector  space: 


x'  =  Rm(9)x.  (la) 

Tt  e  product  of  two  rotation  matrices  Rj^(0)  and  RM(0')  *s  anot^er  rotation 
matrix  R^{9"): 

rm(3)rm(£')  =  rm(S">-  (3) 

Thus,  the  matrices  form  a  matrix  group.  The  rotauon  group  i.j  the  group  with  the 
same  multiplication  properties  as  the  matrix  group.  We  shall  der.ote  the  abstract 
group  element  by  R{0). 


The  irreducible  representations  of  the  rotation  group  have  been  studied  exhaus¬ 
tively.  (See,  for  exjunple,  Wigner;  Edmonds).  The  matrix  R^(6)  can  be  written: 


r  in)  =  e*~~~ 
e  » 

where 

3 

9' K=  2  e.K., 

~~~  v  i 


(4) 


(4a) 


and  the  Herraitian  matrices  K.  (called  the  infinitesimal  generators  of  the  rotation 
matrix  group)  are 


0  0  0\ 


0  0  i 


0  -i  0\ 


Kj,  «  0  0  -i  ,  K2  =  0  0  0  ,  Kg  =  |  i  0  0  | , 


(5) 


LO  i 


-i  0  0, 


iO  0  0, 


(see,  for  example,  Moses,  1965a). 

These  matrices  satisfy  the  commutation  rules: 


[Kx  ,K2]  -iKg(cyc). 


(6) 


The  irreducible  sets  of  Hermitian  matrices  Sj  That  satisfy  the  commutation  rela¬ 
tions  (6)  can  be  used  to  construct  the  irreducible  unitary  representations  of  the 
rotation  group. 

As  is  well  known,  each  of  the  irreducible  representations  of  the  infinitesimal 
generators  is  labeled  j,  which  can  take  on  any  of  the  values  0,  1/2,  1,  3/2,  2,  ...  . 
Let  sjp  be  the  matrices  that  give  the  irreducible  representations.  Then 

s|j)  =  {s<3)(m,m')},  (7) 

where  the  quantities  in  braces  are  the  matrix  elements.  Here  the  labels  m,m'  take 
on  the  values  j,  j-l,  j-2, ..., -j+1,  -j .  On  defining  by 

s(j)  -  s(j)t  iS(j),  \8) 

with  a  corresponding  notation  for  the  matrix  elements,  we  have 


S§)(m,m')  =  rnS^  m 
j  *  m,m 
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The  irreducible  representations  are  unique  within  a  unitary  transformation. 

The  matrices  that  give  the  irreducible  unitary  representations  of  the  rotation 
group  element  R (8)  are  denoted  by  R^(0),  with 

R^\d)  =  {R(i)(0)  <m,m')}  ,  (10) 

and 

R(^(0)  =  exp[i9^S<:i)]  *  (11) 

The  matrix  elements  R^WHm.m1)  have  been  given  explicitly  by  Moses(1965a; 

1966).  For  the  sake  of  completeness,  they  are  also  given  here  in  Appendix  A  (Sec.  A2). 

The  multiplication  law  for  the  matrices  R ^(9)  corresponding  to  the  multipli¬ 
cation  iaw  for  the  rotation  matrices  (Moses,  1965a)  is 

R^\e)R^\er)  =  R^V)  (3a) 

for  j  an  integer  (the  case  in  which  we  are  interested);  but  for  j  =  1/2,  3/2,  5/2, ... , 
the  mutiplication  law  is 

R  W(9)R{i\e')  =  ±R('j)(S"),  (3b) 

(V  — 

where  the  sign  used  in  (3b)  depends  on  9  and  8  1  .  In  this  latter  case  the  represen¬ 
tation  is  said  to  be  a  ray  representation. 

We  find  it  convenient  to  introduce  generalized  surface  harmonics,  which  are 
closely  related  to  the  matrices  that  represent  the  rotation  group  in  its  irreducible 
representations.  Let  8  ,</>  be  angular  variables  0<8  In  ,  0<</><  2w.  The  generalized 
surface  harmonics  of  these  variables  Yjn,m  wore  introduced  by  Moses  in 
1967;  in  this  paper  their  properties  are  summarized  in  Appendix  A.  The  numbers 
j,m,m'  take  on  the  same  values  as  in  the  irreducible  representations  of  the  rota¬ 
tion  group.  They  arecalled  generalized  surface  harmonics  because  Y™'  °(0,</>)  - 
Yjm f°r  i^eger  3»  where  Yj m(0,</>)  are  the  usual  surface  harmonics  in,  say, 
Edmonds1  (1957)  notation. 

1.2  Tilt*  Three-Dimi'iisinim]  Soulo-Eurliili-im  (irou|i 

The  transformations  of  the  three-dimensional  scale- Euclidean  group  are  rota¬ 
tions,  translations,  and  dilations.  The  rotations  have  already  been  discussed.  The 
group  element  is  denoted,  as  before,  by  R(9i.  The  translation  T^  (a)  along  the  jth 
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axis  is  defined  by 
.i|  ■  i,  -  aSy. 

The  dilation  transformation  S(X)  is  defined  by 

x!  =  eX  X: . 

1  1 

Tl>c  multiplication  laws  for  the  group  are: 

T.  (0)  =  S(0)  =  11(0)  =  I 
(where  I  is  the  identity  transformation), 

T.  (a)T.  (b)  =  T.(a+b);  ?'\)S(h)  =  S (X+^), 

R(0)R(fl')  =  me"). 

In  particular, 

R  (e)\\(-e)  =  I. 

Also, 

T.  (a) T  (b)  =  T.  (b)T.  (a), 

1  J  J  1 

S  (X )  R  (0)  =  It  (0)  S  (v  ). 

»v 

"inally, 

S(X)T.(a)  T.(oxa)S(X), 

R  (0)7  (a)  =  T(a')Il(0), 


where 


T (a)  =  Tj  (ax  >T2  (a2  )T3  (a;J ) , 

a!=ZRi.(0)ar 


(12) 

(13) 

(14) 

(15) 

(10) 


(10a) 


(17) 


(17a) 


(18) 

(10) 


(19a) 


G 


In  a  representation,  the  group  elements  (a),  R(6),  S(X)  are  represented  by 
operators  acting  in  a  Hilbert  space.  These  operators  we  also  denote  by  T.  (a), 
R($),  and  S(x),  respectively.  They  should  not  be  confused  with  the  abstract  group 
elements.  When  the  representation  is  unitary  and  acts  on  a  separable  Hilbert 
space,  we  may  introduce  the  Ilermitian  infinitesimal  generators  of  the  represen¬ 
tation  Pj,  J.,  D  by  writing 

Tj  (a)  =  exp  [iaP^]  >'  R  (0)  =  exp[i<9^j]  ;  S  (X)  =  exp  [iXD]  .  (20) 

In  Eq.  (20),  9  •  J  = 

~ — ■>  j  i  i 

The  multiplication  rules  for  the  group  lead  to  the  following  commutation  rules 
for  the  infinitesimal  generators: 

[P.,P.]=0;  [D.J.]  =0;  [Pj#D]  =  IP.;  [P.,J.]  =  0; 

[jj.jJ  =  iJ3  (eye);  [P14J2]  =  [JrP2]  =  ip3  (eye).  (21) 


2.  THANSl'OHM  AT  IONS  OK  TKNSOH  KIKI.I)  Q1  ANT1TIKS 

The  physical  quantities  that  we  wish  to  expand  are  r-rank  tensor  functions  of 
the  space  variables  x  and,  generally,  functions  of  the  time  t.  The  ^-dependence 
interests  us  primarily  and  will  be  indicated  explicitly,  whereas  the  time-dependence 
will  be  suppressed  in  the  notation. 

Let  a  tensor  G  (x)  have  t!  e  components 


(22) 


Since  the  tensor  is  a  physical  quantity  it  will  have  dimensions  of  length  to  some 
dimension,  say,  N : 


G: 


i  i  i  ^ ' 
1 12 13  *  *  ’  r  ~ 


(23) 


In  Sec.  5  we  go  into  great  detail  for  cases  where  the  tensor  is  of  rank  zero  (the 
scalar  case),  of  rank  1  (the  vector  case),  and  of  rank  2.  Examples  of  scalars  and 
vectors  are  fluid  densities  and  fluid  velocities,  respectively.  An  example  of  a  phys¬ 
ical  quantity  that  is  of  a  rank  2  tensor  is  a  stress  tensor. 

We  now  show  how  tensors  transform  under  the  three-dimensional  soale- 
Euelideun  group.  Under  the  various  transformations  of  the  group  the  components 


7 


j.  -  ,  -  (x)  in  the  original  frame  go  into  the  components  G*.  .  .  ( x)  it 

~  hVs***^  ~ 


the  new  frame. 

Under  the  transformations  T(a)  and  S(X),  we  have 


G'i  i  i  i  <x)=Gi  ii  ;  ( x  •  a) 
1  2  3"*r  "  T2  3"'r 


G'i  i  i  i  (S>  =  c^Gi  i  i  i  <e’Xx>» 
lll213"*lr  hVs’^r 


respectively.  Under  the  rotation  11  (9), 


G'i  .  .  (x>«  I  ll,  i  <fi)Ri  = 

X1 12  l3  *  *  *  lr  jj _ jr  ll3l  l2J2 


(8)  x 


x  R.  .  10). ..R,  .  (0)G.  .  .  .  f  R.,  ( -0)xl .  (26) 

l3J3  ~  Vr  ~  JlJ2J3'”Jr  M  ~  ~J 


For  general  discussions  it  is  convenient  to  construct  a  column  vector  G  (x ) 

from  the  tensor  components  G.  .  .  -  (x),  in  which  the  rows  are  labeled  by 

1  •  ■  *r  ~ 

taking  the  set  of  indices  ij ,  i0 ,  ig .“. .  i  through  their  entire  range  in  an  obvious  way. 
We  can  also  introduce  the  matrix  R (8)  [acting  on  the  column  vector  (x)]  which 
is  the  rth  direct  product  of  the  matrices  R^t  (8)  appearing  in  Eq.  (26)  compatible 
with  construction  of  the  column  vector  from  the  tensor  components.  Then  under 
the  transformations  T(a),  S(X),  and  R  (8)  the  column  vector  tranforms  thus: 

G'  (x)  =  G  (x+  a),  (24a) 

c  ~  c  ~  ~  - 

G'{x)  =  CNXG  (c"Xx),  (2l>a) 


0il*l*K<9)0oK,(-£)2]. 


respectively. 

Just  as  in  the  one-dimensional  case,  it  is  clear  that  the  space  of  tensors  of 
rank  r  is  the  carrier  space  of  a  linear  representation  of  the  group. 
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a.  muKin  emu:  rkmikskxt-aiions  or  tiik  tiikkb- 

l)IMi:\?l()NAI.SCAl.K-i:m.!l)KAN  (JROIT 

We  now  give  the  irreducible  unitary  representations  of  the  three-dimensional 
scale- Euclidean  group.  The  first  two  representations  are  representations  in  the 
usual  separable  Hilbert  space,  'flic  third  representation  uses  a  nonseparable  Hil¬ 
bert  space  and  is  derived  from  the  second  through  replacement  of  the  inner  prod¬ 
uct.  Using  the  three  representations  enables  us  to  make  very  general  expansions. 

That  the  operators  acting  on  the  carrier  spaces  do  indeed  constitute  irreduc¬ 
ible  unitary  representations  of  the  group  is  easily  verified  by  direct  computation. 
That  the  representations  in  the  separable  Hilbert  spaces  are  the  only  represen¬ 
tations  in  the  separable  spaces  will  be  proved  in  Appendix  B  when  we  construct  the 
representations  from  the  multiplication  rules  of  the  group. 

■I.  I  The  Irreducible  Rotation  (iroup  IU‘|irt^eiitiilion> 

Each  of  these  representations  is  characterized  by  an  irreducible  represen¬ 
tation  of  the  rotation  group  corresponding  to  the  representation  labeled  j  and  any 
other  real  number  d.  Each  element  or  vector  of  the  carrier  space  consists  of  com¬ 
plex  numbers  f  ( m),  where  ni  takes  on  the  values  "j ,  -j  + 1, . . . ,  j  -  1,  j  .  The  inner 
product  of  the  two  vectors  f^  ^  and  f  is  given  by 

(f(1),f)=  £  f(1)*(m)f(m).  (27) 

m  =  -j 

We  denote  the  operators  representing  the  elements  of  the  group  by  T  (a),  R(0), 
S(X).  'Hie  representations  are  then: 

T(a)f  (m)  =  f  (m), 

<*s«* 

It  (£)f  (m)  =  £  R(j)(0)(  m,  m’)f  ( m1) , 

m 1  =  -  j 

S(X)f(m)  =  elXdf(m).  (28) 

The  rotation  R(g)  is  represented  by  the  matrix  R^(0),  which  explains  the 
name  given  the  representation.  The  translation  T  (a)  is  represented  by  the  identity. 
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3.2  The  Continuous  llelieilv  lte|ireseiilations 

Tliese  representations  are  characterized  by  a  single  real  number  a,  which  can 
take  on  any  positive  or  negative  integer  value  or  aero.  The  Hilbert  space  on  which 
the  operators  of  the  representation  act  is  a  set  of  complex  functions  {f  (p)}  defined 
over  the  entire  three-dimensional  p-space  such  that  the  inner  product  is  given  by 

<f  ,f>»  If11'  (p)f(p)-y,  (P=|P|).  (29) 

J  ~  ~  p 

The  representation  is  then  given  by 

T(a)f(p)  =  e^UBffp), 

R(£)f(p)  =  exp  [2io$(0  ,j)]  f(RM(-£>p). 

S(X)f(p)  «  f(eXp),  (30) 

whore  4>(0,->j)  is  the  principal  branch  of 

((h  3  t  03)tan  (  0/ 2) 

tan  <b(  0  ,3  )  =■  e(!+~3)  +  (0x3)3  tan  (6/2)  ' 

J!g/p.  (30a) 

The  quantity  a  is  called  the  hclicity  of  the  representation.  The  representation 
of  the  rotation  11(0)  is  called  the  hclicity  representation  of  the  rotation  group.  Such 
representations  are  discussed  in  detail  in  Moses  ( 19G7,  1970). 

It  is  to  be  noted  that  this  Hilbert  space  is  separable. 

3.3  The  IliMwlt*  Hclicity  Hc|ircM>ulntimiN 

The  Hilbert  space  upon  which  the  operators  act  is  the  set  of  complex  functions 
jf(p)|  defined  over  the  entire  three-dimensional  p-space  such  that  f(0)  =  0  and  the 
functions  f  ( p)  vanish  at  all  but  a  denumerable  set  of  p.  The  inner  product  of  two 
vectors  in  the  space  is  defined  by 

(f(1),f)  =Zf(1)*(p)f(p), 

p 


(31) 
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where  the  summation  is  taken  over  ali  values  of  jo  for  which  the  summand  does  not 
vanish.  This  Hilbert  space  is  thus  a  nonseparable  space. 

The  operators  representing  the  group  elements  act  on  the  vectors  of  the  Hil¬ 
bert  space  as  in  Eq.  (30). 

4.  IIKIHC/IION  UK  PHYSICAL  qUANTI'llKS  IN  TERMS  OF  TI1K  IRREDUCIBLE  UNITARY 
HKI’H KSKNTATIHNS  OF  THE  SCA!,K-EUCUI)KAN  GROUP 

4. 1  'I  lie  Central  Cum; 

We  now  discuss  the  general  case  in  which  the  field  quantity  is  the  column  vec¬ 
tor  Gc  (x)  as  in  Eqs.  (24a)  to  (26a).  It  is  convenient  to  introduce  the  index  y  to 
label  the  rows  for  Gc(x)  and  the  rows  and  columns  of  the  matrices  R(0): 

Gc(x)«{o(x,y)}  * 

R(0)  =  {S(jg)(y,y')}  .  (32) 

In  terms  of  components,  Eq.  (26a)  then  becomes: 

G'  (  X,  y)  =  Z  R(0)(y,y')G(R(-0)x,y').  (26b) 

y' 

The  matrices  R(0)  [the  rth  direct  product  of  the  matrices  R^  (0)]  constitute 
a  reducible  unitary  representation  of  the  rotation  group.  Accordingly,  there  exists 
a  unitary  matrix  W  that  reduces  R(0)  to  the  irreducible  representations  R^(0). 


Let  W  be  written  in  terms  of  its  matrix  elements: 

W  =  (w  (y |  j,m,n)}  ,  (33) 

where  j  labels  the  irreducible  representations,  m  =  -j ,  -j  +  1  , . .  . ,  j  -  1 ,  j ,  and  n  is 


used  as  an  additional  label  if  the  irreducible  representation  j  occurs  more  than 
once.  Then 

Z  R(0)  (y,y  )W  (y  |  j,m,n)  =  Z  W  (  y|  j,m',n)R^  (6  )(m',  m) , 
y  j.m'.n 

Z  W*(y  |  j,m,n)W(y|  j'.m'.n')  =  8.  8  ,  8  , 

y  j,j  n,n 

Z  W(y  I  j,m,n)w*(y'|  j,m,n)  =  8  , 

j,rn,n  Y‘Y 


(34) 


11 


It  is  useful  to  define  the  column  vector  W  (j,m,n)  in  terms  of  its  components: 
W(j,m,n)  =  {w(y|  j,m,n)}  .  (34a) 


Let  us  also  define  the  column  vectors  Q(p,j,n,a  )  with  components: 

QijP.j.n,  a)  =  (Q(y|p,j,n,a)}  ,  (35) 

Q(p»j»n,a  )  =  l  [4  it  /  ( 2j  +  1 )]  1/2W(j,m,n)Yf  *  “*(©,<#>).  (36) 

~  m  1  J 


In  Eq.  (36),  9  and  <j>  are  the  polar  angles  of  p.  It  is  to  be  noted  that  m  and  a  take 
on  the  values  of  -j,  -j  +  1, . . . ,  j  -  1,  j .  In  consequence  of  Ihe  orthogonality  relations 
between  the  last  two  lines  of  Eq.  (34)  and  Eq.  A14  (Appendix  A),  the  following  or¬ 
thogonality  and  completeness  relations  hold: 


lQ*(y|  P.j.n,a)Q(yi  P.j'.o'.a') 

r 


n,  n' 


S 

a. 


Z  Q<y!  P.j.n,a)Q*(y'|  p,j,n,a)  =  S  ,  . 
J.n.a  ~  ~  y,y 


(37) 


We  first  write  a  general  Fourier  expansion  of  G c(x)  and  show  that  by  addition¬ 
ally  expanding  the  Fourier  amplitudes  in  terms  of  the  column  vectors  Q(p,j,n,  a) 
we  obtain  an  expansion  in  terms  of  the  irreducible  representations  of  the  scale- 
Euclidean  group. 

A  very  general  Fourier  expansion  of  the  column  vector  Gc  (x),  which  is  bounded 
for  j  x|  — 00,  is 

Gc(x)  =  c  +  (2tt)"3^2  Jgc(p)elS~~dp  +£Anexp[ijsn^x  ] ,  (36) 

~  n 

where  C  is  a  constant  column  vector,  g„  ( p)  is  a  column  vector  that  is  a  function  of 
p,  An  is  a  column  vector  for  each  n,  and  kn  are  discrete  propagation  vectors;  Eq.  (38) 
thus  decomposes  the  column  vector  into  Fourier  transformed  modes.  The  con¬ 
stant  column  vector  C  is  the  mean,  the  integral  is  the  portion  of  the  column  vector 
that  decays  as  | x | — co ,  and  the  sum  is  the  sum  of  oscillatory  terms  in  x. 


It  is  convenient  to  define  the  column  vector  gd  ( p)  by 

Gd(V  =  V 

gd(p)  =  0,  if  p^  any  kn. 


(39) 
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Then  Eq.  (38)  becomes 

Gc(x)  =  C  +  (27T)"3/2  ^(pje^dp  +Igd(p)ei£~^  .  (38a) 

£ 

The  column  vectors  C,  gc>  g^,  can  be  found  from  Gq  (x)  in  the  following  way. 
We  note  that 


X- 

Thus, 

lii 

X- 

Also, 


+x 

r 

.+x  . 

f  e"x~ 

J-X 

J-X  « 

J-X 

5  +X 

r 

r+Xe_iJe: 

•'-X 

J-X  ■ 

J-x 

dx  =  8 


pk 


(40) 


(41) 


lim 

Ish® 


Gc(~>  “  Z ed  <  P> e 


ip  •  X 


=  C  . 


(42) 


Finally, 


(2t t)~3/2J  Gc(x)  -  ^gd(p)el£^i5-C  ol~~~dx  =  gc(k)  . 

.  P 


(43) 


CJ’n(m) 


We  now  introduce  the  functions  f^’ n  ( p,  a )  and  fj’ n  ( p,  a )  and  the  numbers 


g0<p)  =  (P> 


-( N+  3) 


X  Q<P.j(n,a  )f^'n(p,a), 
j,n,a 


gd(p)  =  (p)"N  X  Q(p,j,n,a  )fj’n(p,  a), 
j,n,a 


C  =  X  W(j,m,n)c'j'n(m). 
j.m.n 


(44) 


Denoting  the  components  of  gQ  ( p),  gd  ( P>,  and  C,  by  gc  (p,y),  gd(p,  y),  a™*  C(y), 
respectively,  we  then  have,  from  Eqs.  (34)  and  (37), 


fc,n(E,a * =  p(N 3) £ Q*( Y I  £'  j'n*'31  )gc(E*y)' 
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fd'n(E,a)  =  PN£Q*{yl  p* > gd <jg* y > * 
y 

=  £w*(y  |  j,m,n)C(y) .  (44a) 

y 

In  Eqs.  (44)  and (44a)  it  is  often  convenient  to  regard  n(p , <*)  and  f^'n(p,<v) 
as  defined  for  a  any  positive  or  negative  integer  or  zero  but  to  require  that 
f^'n  ( p,  a )  =  fj' n  ( p,a  )  s  0  for  |  a |  >  j .  Similarly,  c^'  n  ( m)  is  considered  to  be 
defined  for  all  integer  or  zero  m  with  the  requirement  that  cJ,n  (rn)  =  0  when 
|m|  y  j  .  The  expansion  Eq.  (38)  now  becomes 


Gc(x)  =  ^  ^nW(j,m,n)c3'n(m)  + 


cl  p 

+  (2tt)'3/2  Z  J*Q(p*j»n, a  )elE~5f^'n(p,a  ) 


J.n.a 


+  Z  ZQ(£.j*n,a)eiE~~f^'n(£,a)p'N  . 
j.n.“  P 


(45) 


When  Gc  undergoes  transformations  (24a),  (25a),  (26a)  of  the  scale-Euclidean 
group,  the  functions  f^' n(p , o)  and  f?,'n(p,»)  transform  under  the  irreducible 
representations  corresponding  to  the  continuo  is  and  discrete  helicity  representa¬ 
tions,  where  a  is  the  helicity.  The  constants  c"5’”  (m)  transform  under  the  irreduc¬ 
ible  rotation  group  representation  corresponding  to  j.  The  quantity  d  of  Eq.  (28)  is 
given  by  d  =  -IN,  however.  Hence,  the  rotation  group  representations,  although  ir¬ 
reducible,  are  not  unitary  because  the  scale  transformation  is  not  unitary.  Expres¬ 
sion  (45)  is  thus  the  expansion  of  a  physical  quantity  in  terms  of  the  irreducible 
representations  of  the  scale-Euclidean  group. 

The  irreducible  representations  are  unitary  if  the  rotation  group  representa¬ 
tions  are  absent.  For  application  in  differential  equations  that  are  invariant  under 
the  scale-Euclidean  group,  it  is  useful  to  retain  the  rotation  group  representations 
as  a  constant  contribution.  For  use  in  constructing  invariant  correlations,  however, 
we  need  cnly  unitary  representations. 

Since  the  constant  (that  is,  x-independent)  term  corresponds  to  a  mean  value, 
we  can  eliminate  it  from  the  expansion  by  measuring  Gr  as  a  deviation  from  the 
mean  value.  Thus,  correlations  of  velocities,  for  example,  will  be  made  for  veloc¬ 
ities  from  winch  the  mean  value  lias  been  subtracted  so  that  the  correlations  will 
bo  invariant  under  the  transformations  of  the  scale-Euclidean  group.  Similarly, 
correlations  can  bo  constructed  for  density  fluctuations,  and  so  on. 
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That  the  expansion  (45)  is  indeed  an  expansion  in  terms  of  the  irreducible  rep¬ 
resentations,  and  that  it  is  the  only  such  expansion  (within  unitarity),  is  the  subject 
of  Appendix  C, 

We  now  consider  the  expansion  of  scalars,  vectors,  and  tensors  of  rank  2. 

4.2  The  Seiilar  Cnsc 

For  scalars,  the  index  y  takes  on  only  one  value.  Hence,  it  need  not  be  indicated. 
The  rotation  matrix  R(£)  is  just  unity  since  the  representation  of  the  rotation  group 
for  the  scalar  is,  by  definition,  the  scalar  representation.  Thus, 

R(0)  =  1, 


W  =  1 , 


Q(p.j,n,a  )  =  1 , 


j  =  m  =  a  =  0  . 


The  expansion  corresponding  to  Eq.  (45)  is 


G(x)  =  c  +  (2Tr)'3/2/eiP^fc(j.)-^|-3  + 


+£  cl£:~f(1(p)(P)' 
P  d  ~ 


The  quantity  c  and  the  amplitudes  f  (p)  and  f  . (p)  are  found  as  follows: 

C  /Nrf  CJ  IV 


.+x  „+x  „+x 


f  ,(p)=  pN  lim(2 X)'3f  f  f  e‘lJM£G(x)dx, 
a  ~  X-oo  •'-X  J-X  J-X  ~  ~ 

c=  liin  {  G(x) -£  e'<2'~~  f  ■  (p)p"N}  ' 

X-co  1  ~  p  d  ~  J 

fc(p)  =  (2t r)'3/2pN  +  3/ e_i^^{G(x)  -  c  - 


-X  e^~~f  .(p'Hp1)  dx  . 

pi  °  ~  J  ~ 


(47c) 
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In  Eqs.  (47),  all  superfluous  labels  have  been  omitted.  It  is  noted  that  the  expansion 
is  just  a  generalized  Fourier  transformation,  weighted  so  that  the  amplitudes  trans¬ 
form  properly  under  the  scale  transformations. 

We  can  give  requirements  on  the  amplitudes  that  are  necessary  and  sufficient 
to  make  G(x)  real.  It  is  readily  seen  that 

c  =  c*»  fc<-P>  =  fd(_£)  =  fd(£)  •  (48) 


When  (48)  is  used  in  (47), 

G  ( x)  =  2  R  e  [c  +  (2tt)  3^2Je  i£~£fc  (p)— + 

+  ~  P 

+  I+eii,:£fd(p)(p)'N]  ,  (49) 

P 

where  the  plus  subscript  on  the  integral  and  on  the  sum  means  that  only  the  half  of 
the  p-space  for  which  p^>0  is  to  be  used.  Any  other  half  of  the  p-space  may  be 
used  in  the  integration,  however. 


4.3  The  Vector  Case 

In  the  vector  case,  the  index  y  takes  on  three  values  1,  2,  3,  which  are  identi¬ 
fied  with  the  x,  y,  z  components  of  the  vector.  The  matrix  II  (6  )  is  just  the  matrix 
whose  components  are  given  by  Eq.  (2),  and  is  unitarily  equivalent  to  the  irreducible 
representation  of  the  rotation  group  of  Eq.  (10)  for  which  j  -  1. 

At  this  point  it  in  convenient  to  introduce  the  unitary  matrix  V,  which  transforms 
the  representation  of  Fq.  (2)  into  that  of  Eq.  (10).  Let  the  components  of  V  be  denoted 


(50) 


where  the  row  index  i  goes  through  the  values  1,2,  3,  and  the  column  vector  index 
gots  through  the  values  1,0,  -1.  Explicitly, 


(51) 
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Then 


Vf  =  V'1 


and 


K.  =  Vs|1)Vt  , 


(52) 


where  the  dagger  means  Ilermitian  adjoint.  Clearly, 


W ( y  |j,m,n)  =  Vym, 


(53) 


where  j  =  1,  with  n  taking  on  only  one  value  and  hence  disregarded. 

Let  us  now  introduce  the  vectors  V  .  which  are  the  column  vectors  of  the  ma- 

~  m 

trix  V  written  in  vector  notation: 


Xm-(Vlm'V2m-V3m>- 


(51) 


We  also  introduce  the  vectors  Q(p,a )  for  a  *  0,  ±1,  which  in  vector  form  are  the 
column  vectors  Q(p,j,n,a  ).  From  Eq.  (36), 


Q(p,a)  -  UW3)1/2  I  VmY™’a*(0,<£)  . 


(55) 


m 


Let  us  denote  the  components  of  Q(p,a  )  by  Qj(p,a  )  where  i  =  1,2,  3: 

Q(p, a )  =  {  Qj  (p»a  )}  .  (55a) 

Then  the  vectors  Q(p,  a )  satisfy  the  following  completeness  and  orthogonality 
relations : 


Q'  (p,cr  )*Q(p,a  ')  =  8  ,  , 

o*  U  j  U 


£Qi  (p,a)Q.1(p,«)  =  Sj  j, 


(55b) 
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Another  useful  property  of  the  vectors  Q(p,a  )  is 
pxQ(p, a)  -  -ipa  Q(p,a)  , 

rs*  r>/ 

p.Q(p,  a)  =  (|aj-l)p  .  (55c) 

The  generalized  surface  harmonics  Y ^'a  {Q  ,  <f>)  are  given  in  Appendix  D.  It  is 
seen  that  Q(p,  a )  can  be  given  explicitly  in  terms  of  p  in  the  following  way. 

Q(p,0)  = 


Q(p,a)  =  -  a (  2) 


-1/2 


ij  (p1  +  ia 

P<P  +  P, 


P2' 


-  1 


P2(PI 

pip  +  p 


ia  p2) 

r~ 


>p 


-  ia 


;> 

t 


for  a  =  ±  1  .  (56) 

When  G  ( x)  is  written  as  a  vector  G(x),  the  expansion  (45)  for  the  vector 
field  becomes 


G  (x)  =  X  V  c  (m)  +  (2tt)"3/2I  /  Q(p,  a ) e  i£~ 

A#  ^  ^  Q  *  ^ 


— '  fc a ^ 


dp 

pN  +  3 


+ZZQ(p,a)c^fd(p,a)(PrN  . 

a  p 


(57) 


The  amplitudes  aim),  f  (p,o),  and  f^(p,  a)  can  be  obtained  from  G(x)  as 
follows : 


,+X  ,+X  ,+X  ..  .  * 

e  \i~~Q  (p,a  )  •  G (x)dx  ,  (57a) 


f  d < P> a  )  =  PN  lim  (2Xf3  J  J  f 

~  X—CO  -x  J-X  J- 

c<m)=~m~lta  {S<S)'IZ(5<P>9,tfiP^fd(P'a)P"N}  '  <5?') 

|x|— CO  ^  a  p -  a  ~  J 

f  (p,a)  =  (2  7r)"3/2pN+3  fc~lPJiQ*(g,a)  • 

C  ~  J  ^  rw 

^  {g<  *>  •  I  V  c  ( m)  -  Y  Y  g(£'.  a  ')  e  ( p',  a  •)  ( p'f  N}  d  x  .  (57c) 

v  m  rt  '  »%'  iV 


a '  p* 
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We  now  discuss  the  necessary  and  sufficient  conditions  on  the  irreducible  rep¬ 
resentations  for  G(x)  to  be  real.  We  note  : 


v  =  (-i)m  v 

~m  ~-m 


Q"  (-p,  a )  =  - 


Pj  -  1 Q  F2 

Pi  +  ia  p2 


Q(  p,a  )  . 


(58) 


Equations  (58)  lead  to  the  following  necessary  and  sufficient  conditions  for  the 
reality  of  G(x)  : 

c  (  -m)  =  (  -l)n>  c‘  (m)  , 


p,  -  io  p0  ... 

fJ~P,a)  =  -  p  +iQ  fc(p.a)t 


c  ii 


Pi  "  1 a  P o  * 

fd(-£'a)  =  ~  Pl-MaP;fd(P>Q) 


(59) 


Then 


G  ( x)  *  V  n  c  ( 0)  +  2  11  e  [v.  c  ( 1)  (2  tt)"3/“  X 

*  Z  f  Q  ( P> a  )  c  i~~  1  c  ( P»  a  )  v  ^  ■)  ■* 

a  t -  ^  ~  plN  0 

■*  Z  Z  ,  Q(p»a  )e\B-!,*i ,(p,a  )(p)"^]  •  (60) 

a  i> 


We  now  return  to  the  general  expansion  (57).  We  want  to  show  that  the  decom¬ 
position  of  the  ^-dependent  part  into  a  sum  over  the  holicity  variable  a  is  a  general¬ 
ization  of  the  well-known  Helmholtz  decomposition  of  a  vector  into  a  rotational  and 
irrotational  part. 

After  defining  G  ( x,  a  )  by 


G  ( x,  a) 


(2tt)'3^2  J  Q(j>,  a)e'J?~~fc(p,  a)  + 

•Z  Q(p,  a)o  i  p,  a)(p)"^ 


(01) 
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so  that 

G(x)  =  I  V^efm)  +  £  G(x,a)  ,  (61a) 

"■  ~  m  ~  a  ~  ~ 

we  use  (55c)  and  have,  by  explicit  calculation. 


VxG(x.O)  =  0  , 

J  ^  G(x,  a)  =  0  ,  for  a  =  +  1  .  (62) 

Except  for  a  constant  term,  Eq.  (61a)  is  an  expansion  of  a  vector  field  into  rotational 
and  irrotational  fields  as  in  the  Helmholtz  theorem.  The  theorem  is  sharpened, 
however,  i:  that  there  are  two  rotational  fields  corresponding  to  a  -  ±1.  Thus 
the  expansion  of  the  vector  field  into  the  irreducible  representations  of  the  scale- 
Euclidean  group  leads  to  a  generalization  of  the  Helmholtz  Theorem.  Moses  (1971) 

.  •  proached  the  generalized  Helmholtz  theorem  primarily  from  the  rotation  point 
view,  and  applied  it  to  a  variety  of  physical  problems.  In  that  paper  (1971)  he 
introduced  spherical  coordinates  but  did  not  use  the  dilation  operator. 

The  general  expansion  of  a  physical  quantity  [Eq.  (45)1  may  be  regarded  as  a 
still  further  generalization  of  the  Helmholtz  decomposition  theorem  for  vectors. 


4.4  The  Case  of  Tensor."  of  Hank  2 

The  quantities  W  (y|  j,m,n)  of  Eq.  (34)  will  now  be  written  W.,,(j,m).  The 
variable  n  takes  on  only  one  value  for  each  j  and  need  not  be  indicated.  .  com  the 
discussion  of  the  general  case,  it  is  seen  that 


W.k(j,m) 


I  vi  VrcMM.  W  I  i>  i.J.m)  , 
q,q‘  1  1 


(63) 


where  Vj  are  the  matrix  elements  of  the  matrix  V  [l3q.  (50)  and  (51)]  and 

l.l.J.m)  is  a  Clcbsch-Gordan  coefficient  in  a  standard  notation  for  the 
rotation  group. 

We  find  it  convenient  to  regard  the  quantities  W  .  k  ( j ,  m )  as  matrix  elements  of 
a  matrix  W  ^  ( j,m) : 

WM(j,ni)-  {w.k(j,m)}  .  (64) 


and  to  regard  the  components  G  .  k(x)  of  the  tensor  of  rank  2  as  components  of 
matrix  G  ( x)  : 
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(65) 


‘Vs1’  (Gik<i»}  ■ 


From  Eq.  (63), 


WR,(0,0)  =  -  (3)'1/2fM  , 


where  I , .  is  the  3X3  identity  matrix  ; 


WW(1,0>  =  -  (  2;  *  “  I<  3  , 


W  ^  ( l,m)  =  y-O^  +  ini  I<9),  for  m  -  ±1 , 


where  K  .  are  the  matrices  of  Eq.  (5). 
Finally, 


W jy ( 2,0)  »  (6)‘1/2 


Ww(2,m)  =  -^  0 


im  ,  for  m  =  ±  1 , 


W  ai  (  2.  2)  -  W  jJJ  ( 2,  -2>  -  |  i 


We  note  that  \V  ^  (0,0)  is  proportional  to  the  identity  matrix,  W  ^  ( l,m)  are 
antisymmetric  matrices,  and  W  ,.  (2,m)  are  symmetric  matrices.  Thus, 


W  ‘jd.m)  -  -  W  A)(l,m)  , 


W  J,(2,m)  -  W&|(2,m)  , 


where  the  superscript  t  means  transpose.  Furthermore,  the  traces  of  the  matrices 
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tr  WM(0,0)  =  -  (3)1/2  , 


tr  W,,(j,m)  =  0,  for  j  =  1,2  . 


The  matrices  W  ^  ( j ,  m )  satisfy  the  orthogonality  and  completeness  relations 


I  W;.  (j,m)W.,.  ,(j,m)  =  8  ,S 


i,i'  k,  k1  ’ 


In  the  first  of  Eqs.  (71)  matrix  multiplication  is  meant  and  the  dagger  means 
Ilermitian  adjoint. 

The  quantity  Q(  y  |  p,  j,  n,  a )  of  the  general  case  is  now  denoted  by  Q .  1(.  ( p,  j>  a  ). 
The  matrix  Q^j(p,j,a  )  is  defined  as  having  the  components  Qjk(p,j.Q  )  : 

Qm(pJ.«)  =  {Qik(E-j>a 

-I  [  4  IT  /  (  2  j  +  1)]  1/2WM(j,m)y",*a(0,^.)  .  (72) 

m 

The  matrices  QA|(p,j,a  )  satisfy  the  orthogonality  and  completeness  relations  : 


tvQM(v,},a)Q^p,s',a')  --  8  .  Sq  ^  ,  . 


X  Qik(P*j'a)Qi,k,(P’j’a)  =  8i,i’8k,k' 
J>a 


Qw(£.0,0).-C1>-1/21m, 


tr  Q,,  (p.0,0)  =  -  (3)J/“  , 


tr  Q,.(p,  I, a  )  -  tr  Q,.(p,2,a  )  -  0  , 


(p»t,a)  -  ■  Q^|  ( p,  1 ,  ® )  , 

Qj,  (P>2«a  )  '  %i(P*2*a)  • 
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The  expansion  of  the  matrix  Gjj(x)  is 

C.v|(x)  =  £  \Va|(j,m)cJ(m)-»  (2  n)  £  /q^  ( P,  j.  a)e  ~  x 
j.m  j,  a 


x  fJe(P'u)"N+T+  £  I  Quilp.j.ole^^ii^.fllp' 

P  j>a  P 


The  amplitudes  In  the  expansion  are  obtained  as  follows  : 

•  \r  o  /*  +X  ,+X  /*  ^X 

fi(P.o>rpN  lin>  (2X)‘3  /  /  /  e ~  x 

C1  ~  X-oo  •'-x  -X  -X 

x  tr  Q,,(p,j,a  )G,,(x)dx  , 


cUm)  =  tr  \V^|  (j,m)  lim  (g,.(x)- 
|x|  -CO 

-  2  2  QM(P»j.a)ell>~Xf|1(p,a)p'N}  , 

j.a  P 

fJ"  (p,a)  -  (27r)":{/2p Nt3fc"ii‘^  tv  QjJ,(p.j,«)  x 


x  {gm^  "  2  WM(j',m)c^  (in)  -  2  [I  QM(p'.j',a  ')  x 


J  .a  P 


x  {p,,a')(p‘)"N}  dx  . 


The  expansion  (75)  may  he  written 


Ga,(x)  ’lGj,(x)  , 


where 


G», ( x)  -  I  W,.(j,m)chm)  +  (2jt)',J/,2X  /Qv.(p,  j.o)e  liJ~~  x 


X  fe(£'G)_NTJ+IZ  QM(P.j.o)c'li~~f)1(p,Q)p'N  • 


p  an 


(70a) 
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It  is  well  known  that  a  tensor  of  arbitrary  rank  2  can  be  written  as  the  sum  of 
a  tensor  that  is  proportional  to  tile  unit  tensor,  an  antisymmetric  tensor,  and  a 
symmetric  tensor  of  zero  trace.  In  t<  rms  of  the  matrix  notation  for  the  rank-2 
tensor  we  have,  in  fact. 


oJ|(x).ah.(2)*GA(x)  +  cs(,), 


(7Gb) 


where  the  matrices  G^,,  C>  ^,  and  Gg  arc  given  by 
Gtr(*)!-'  [lrGM<*)/3l  hr 

GS  =  2  ( Gi\I  +  G|\1  [ tr  °M  '-*]  lM  ) 


( 7  f>  c ) 


It  is  seen  that  Eqs.  (70)  and  (70a)  represent  generalizations  of  the  decompositions 
(70b)  and  (?Gc).  Furthermore, 


G,i\]  =  Gtr  (~)’  Gi<2)"GA<2)’  CM<S>’W 


(70d) 


From  Eqs.  (70)  and  (70a)  it  follows  that 


G®(x)=-(3)-1/2Iiv,G(x), 


(77) 


wher 


G(x)-c  »  (2»)"3/2 /eiPJ*fc(p)-j^-  +  X  olJ?^iffc|(p)p’N  .  (77a) 


In  E(|.  (77a),  e  =  c°(0),  f  ( p)  =  f“(p,0),  f  .  ( p)  S  f°(p,0) 


From  K(|.  (77)  it  is  readily  seen  that  when  G^(x)  transforms  under  the  rank-2 
representation  of  th“  scale- Euclidean  group,  G(x)  transforms  under  the  scalar 
representation  of  the  group.  The  converse  is  also  true.  Moreover,  Eq.  (77a)  is 
just  tin  expansion  (17)  of  a  scalar  in  the  irreducible  representations  of  the  group. 
Hence,  tlie  discussion  of  G^  ( x)  for  j  -  0  is  equivalent  to  the  discussion  of  the 


2-1 


scalar  case. 

It  should  be  noted  that 


G(x)  =  -  (3)"1/2tr  Gm(x)  . 


We  now  sliow  that  the  decomposition  of  the  antisymmetric  tensor  (x)  into 
the  irreducible  representations  of  the  group  is  entirely  equivalent  to  the  decompo¬ 
sition  of  the  vector  representation.  By  explicit  computation. 


W  2  3  <  1*  m>  »  -  i(2)"1/2Vim  , 


W31<l.m)..i(2)-1/2V2m, 


W12(l,m).-II2)-1,2V3m. 


In  Eq.  (78),  V  -m  is  the  matrix  element  of  Eq.  (51).  Since  the  matrices  W^l  l,m) 
arc  antisymmetric  matrices,  the  components  of  the  matrices  that  appear  in 
Eq.  (78)  are  the  only  nonzero  ones. 

From  Eqs.  (72)  and  (55)  it  follows  that 

Q„(p,l,a)  =  -  i(2)'1/2Q.  (p,o)  , 

Q31<P,1,«>  =  •  i<2)'1/2Q2(p,  0)  , 

Q12(p.  i.a)  «  -  i(2)'l/2Q3(p,a)  .  (79) 

Again,  because  of  the  antisymmetry  of  the  matrices  (p,  l,a),  the  only  nonzero 
independent  components  are  those  that  appear  in  Eq.  (79). 

Now,  a  necessary  and  sufficient  condition  that  G^|  (x)  be  antisymmetric  is  that 
there  exist  functions  Cj(x)  such  that 


G^U)  «  -  i(2)‘1/2 


0  G  ( x)  -G,.(x) 

O  ~  ~ 

-G  „  ( x)  0  G  ,  ( x) 
G2(x)  -Gj(x)  0 
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Let  us  define  G  (x)  by 

G  ( x)  =  {  G  j  ( x),  G 2  (x),  G  3 ( x)}  .  (81) 

From  Eqs.  (7Ga),  (78),  and  (79), 

(i  d 

“  £  V  c'(m)  +  (2^r3/2  l/Q(p,a)e1l^^fJ(p,a)-TTfx-  + 
m  a -  c  -  +  3 

+  IZ  Qlp.ole'^f !(p,a)p'N.  (82) 

Op -  ~ 

A  necessary  and  sufficient  condition  that  the  antisymmetric  tensor  G^  ( x) 
transform  under  ttie  rank-2  representation  of  the  scale- Euclidean  group  is  that 
G(x)  transform  under  the  vector  representation.  The  expansion  (82)  is  just 
Eq.  (57),  that  is,  the  expansion  of  a  vector  in  the  irreducible  representations 
of  the  group.  Thus,  the  expansion  of  the  general  rank-2  tensor  includes  as 
special  cases  the  expansion  of  scalar  and  vector  functions, 

<y 

The  remaining  tensor  G^  ( x)  of  the  expansion  (76)  is  symmetric  and  has  zero 
trace.  The  matrices  Q.,  (p,2,o)  can  be  obtained  from  Eq.  (72)  using  the  explicit 
forms  of  Yg  '  (  8,  <#>)  as  given  in  Appendix  D. 

For  convenience  wo  define 

v  =  sgn  a , 
v  -  p/p  . 


V  ~  Vi  ■*  i(TV  o 

CT 


Q,.(p,2,0)  -  -  (0)" 


~3V1V2 

~3t>iV3 

~3vlv2 

l  -  3i?2 

-3V,2v3 

~3V1V3 

-3V27>3 

2 

1-3,73 
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QM(£'2,a  ) 


1  -v . 


x 


for  a  =  ±  1  . 


The  independent  elements  of  Q. ,  ( p,  2,  a  )  for  a  =  ± 2  are  the  following 


Q 1  1  (  P.  ->  0  )  '  •) 


1 


IV1  M" 

9  .9 

V , 


(i  -  n3) 


9  I  1  ”  14- 


'1  1+1) 


Q,,(p.2.<»)"4  ^"-9  h9  +  i°- 

“  “  ~  '  ( 1  -  V  3> 


,  +  ’s/  ' 


1  ^  2 
Q., ..  (p.  2.0! )  s  ^ - nd-’lJ  , 

~  2<l-v 


Ql  9<P*2,a)  :2 


1  V 


‘(1-1.)*  I’1 


rj 

Q  1  3  (  P,  2,a  )  -  v  (  “7'“jT  ^  1  “  H  «?3  ) ( 1  "  V  3*  * 


v  1  ’«r  “  /  ’a 

^22 (i>’ 2,0  >  ‘77-7/  72  *  1(7  yr^ 


(85) 


(1-  *)3). 


(86) 
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We  now  discuss  the  case  where  the  tensor  is  real.  Since  U)  and  GM<  \) 
are  equivalent  to  the  scalar  and  vector  representations,  which  already  have  been 
discussed,  we  need  concern  ourselves  only  with  G^fx).  From  Eq.  (68), 


W*  <2,m)  =  (-l)mWM(2,-m) 


Furthermore,  from  Fqs.  (87),  (72),  and  (A16), 


p,  -  iop,  . 

(-p,2,a )  =  -p'  +  qM  (£*  2*a  } 


For  (x)  to  be  real,  wc  have 
m 


c  2  (-m)  =  ('Dm  [c  2  (m)]  *  , 


For  real  C.r,(x)  we  can  then  write 


G  2  ( x)  «  W„  <  2. 0) c  2  ( 0)  •>  2  Re  [  WM  ( 2, 1 )  c  “  ( 1)  + 


+  W. .  (  2,  2)  c  2  (  2)  +  (2^)’'^“  l  /  Qm(P»2<q^°  ~ —  X 

1»«  n  + 


r  *  ip. « i-Sr  *  z  S+  «m  <£•  2-a)ro|p-“ 


X  fc(£‘ 
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5.  RELATIONSHIP  OF  THE  1HHEDUCEHLE  REPRESENTATIONS  IN  THE  EXPANSIONS  OF  SCALAHS, 
VECTORS.  AM)  RANK-2  TENSORS.  ORTAINE1)  FROM  ONE  ANOTHER  THROUGH 
HIFFERENTIATION:  SOLUTION  OF  THE  FUNDAMENTAL  EQUATIONS 


I  Introduction 

The  gradient  of  a  scalar  yields  a  vector,  and  it  is  useful  to  know  the  relation¬ 
ship  between  the  irreducible  representations  of  the  scale-Euclidean  group  that  ap¬ 
pear  in  the  expansion  of  the  scalar  and  those  that  appear  in  the  expansion  of  the 
vector.  The  divergence  of  a  rank-2  tensor  with  respect  to  one  of  its  indices  also 
leads  to  a  vector,  and  it  is  also  useful  to  relate  the  irreducible  representations  ap¬ 
pearing  in  the  expansion  of  the  tensor  and  those  of  the  vector. 

More  generally,  divergences  and  gradients  of  physical  quantities  lead  to  quan¬ 
tities  that  have  different  transformation  properties,  and  it  is  useful  to  know  the  rel¬ 
ationship  between  the  expansions  of  the  original  quantities  and  these  obtained 
through  the  use  of  the  derivative  operators.  The  usefulness  is  particularly  apparent 
when  it  becomes  necessary  to  solve  invariant  linear  partial  differential  equations 
such  as  occur  in  electrodynamics  or  linearized  fluid  mechanics,  where  gradient, 
divergence,  and  curl  operators  appear.  When  the  expansions  for  the  physical  quan¬ 
tities  are  introduced,  the  differential  operators  modify  the  amplitudes  in  what  is 
seen  to  be  a  simple  way.  The  differential  equation  then  becomes  a  relatively  simple 
equation  for  the  amplitudes. 

To  obtain  the  vector  whose  divergence  is  a  given  scalar,  we  obtain  a  relation¬ 
ship  between  the  amplitudes  of  the  vector  and  the  scalar.  We  may  in  fact  solve  for 
the  amplitudes  occurring  in  the  expansion  of  the  vector  in  terms  or  those  for  the 
scalar.  Effectively,  this  is  to  solve  a  differential  equation  for  the  vector  in  terms 
of  its  divergence.  Similarly,  differential  relationships  between  tensors  and  vectors 
can  be  considered  as  differential  equations  which  are  solved  by  means  of  the  expan¬ 
sions  in  terms  of  the  irreducible  representations. 

For  simplicity,  we  assume  that  the  x- independent  term  (that  is,  the  mean)  is 
zero  and  also  that  there  are  no  periodic  terms.  In  terms  of  the  general  expansion 
(<15)  we  take 

cj,n(m)  =  0,  fj'n(p,a)  =  0  (91) 

Wo  then  have  the  condition  Gc  (x)  =  0.  This  case  is  of  particular  interest 

when  it  is  n  cessary  to  solve  differential  equations  in  which  the  solutions  have 
finite  'energy,'  The  more  general  case  is  also  treatable  and  uses  a  straight¬ 
forward  extension  of  the  techniques  that  follow. 
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=  (27r)~3/2(-i)  /el£~^f(p,0)-^-~2-.  (95) 

P 

From  Eqs.  (93),  (94),  and  (95)  we  obtain 

g(p)  =  -  if(p,0)  .  (96) 

Equation  (96)  is  the  result  we  were  seeking.  It  should  be  noted  that  the  two  ampli¬ 
tudes  are  proportional,  the  constant  of  proportionality  being  independent  of  p  and 
hence  a  pure  nunjber.  The  simplicity  of  the  result  is  due  to  our  being  careful  to 
use  the  proper  expansion  for  the  vector  and  the  scalar.  It  is  also  to  be  observed 
that  Eq.  (96)  can  be  used  to  solve  the  differential  Eq.  (93)  for  u(x)  when  />(x)  is 
given;  however,  u(x)  is  not  unique  nnce  f(p,  ±1)  arc  arbitrary. 

Let  us  now  consider  the  case  whore  the  vector  u(x)  is  obtained  as  the  gradient 
of  a  scalar  <£(x),  that  is, 

u(x)  =  V<£(x)  . 


(97) 
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As  before,  we  take  u(x)  to  have  the  dimensions  L  and  the  expansion  (92).  But  now 

~  Jv;  +  1 

<f>  (x)  has  the  dimensions  L  ,  and  its  expansion  is 


</>  ( x)  =  (  2  ir ) 


d£ 

h(E)  N  +  4  * 
P 


(98) 


From  the  first  of  Eqs.  (56), 

7<#>(x)  =  ( 2tt  )-3^2  i  f  pelE~~h(p)-  "^  ~^- 

p 

=  -  ( 2 7r )’3/2  i  Jg(£>0)eiE~^h(p)-!^3  .  (99) 

P 

Hence,  the  desired  relation  between  the  amplitudes  is 
f(p,a  )  =0,  for  a  =  ±  1 

f  ( p,  0)  =  -ill  (  p)  .  (100) 

From  the  first  of  Eqs.  (55c)  it  is  clear  that 

Vxu(x)  =  0  ,  (101) 

~  #*«/ 

because  generally 


c)  p 

7Xu(x)  =  (2tt)  £  J  pa  Q(p,  a)e*^~~f(g,  a)  N+~3  •  (102) 

The  converse  is  also  clearly  true  :  If  u  is  irrotational,  that  is,  satisfies  (101), 
then  the  first  of  Eqs.  (100)  holds.  So  a  necessary  and  sufficient  condition  for  a  vec¬ 
tor  to  be  irrotational  is  that  the  first  of  Eqs.  (100)  holds. 

If  the  vector  u  is  irrotational,  the  second  of  Eqs.  (100)  can  be  used  to  find  a 
scalar  potential  <Mx)  such  that  Eq.  (97)  holds.  Thus,  for  a  scalar  potential  <£(x) 
to  be  found  such  that  Eq.  (97)  holds,  a  necessary  and  sufficient  condition  is  that 
u(x)  be  an  irrotational  vector.  This  statement  is  of  course  part  of  the  Helmholtz 
theorem. 
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3.3  Vector- Vector  Hclulions;  Vector  Potentials 

Let  u(  x)  be  the  general  vector  expanded  as  in  (92).  We  wish  to  relate  the  rep¬ 
resentations  of  u(x)  to  those  of  v(x),  where 

v(x)  =  V x  u ( x)  .  (103) 

Since  v(x)  is  of  dimension  L^’  *,  its  expansion  has  the  form 

v(x)  =  (27 r)  3/2  I  J  Q(p,a  )e  iE~~k(p,  a  )— -  .  (104) 

a  P 

Using  Eqs.  (102)  and  (103)  we  obtain  the  relationship  between  the  representations, 
which  is  : 

k  (p,  a  )  =  a  f(p,a  )  ,  (105) 

and  in  particular 

k  ( p,  0)  =0  .  (105a) 

From  Eqs.  (104),  (105a),  and  (95),  with  N  replaced  by  N  -  1,  it  follows  that 


V-  v(x)  =  0  ,  (106) 

that  is,  v(x)  is  solenoidal.  Conversely,  if  we  wish  to  solve  Eq.  (103)  for  u(x)  when 
v  ( x)  is  given,  we  must  have  (105a),  or  equivalently,  (106).  We  may  consider  u  (x) 
as  a  vector  potential  from  which  v(x)  is  obtained. 

We  have  thus  proved  the  following  portion  of  the  Helmholtz  theorem:  A  neces¬ 
sary  and  sufficient  condition  that  u(x)  be  a  vector  potential  for  v(x)  is  that  Eq,  (106) 
hold. 

We  note,  however,  that  in  constructing  u(x)  from  v(x),  .^,0)  is  arbitrary  if 
Eq.  (106)or,  equivalently, (105a)  is  satisfied.  The  contribution  to  u(x)  =£  u(x..a  ) 
[see  Eq.  (57a)  for  notation]  , 


u  ( x,  0)  =  J Q(  p,  0)  e  *5~~f  (p,  0)- 


is  llius  also  arbitrary. 


32 


The  term  u(x,  0)  is  the  gauge  of  the  vector  potential,  which  is  usually  chosen 
so  that  u(x)  satisfies  desired  conditions  in  addition  to  Eq.  (103).  Our  procedure 
enables  us  to  explicitly  separate  the  gauge  portion  of  the  vector  potential  from 
the  part  that  is  essential  for  obtaining  v(x). 

If,  as  in  electromagnetic  theory,  we  identify  v(x)  with  the  magnetic  held  [  for 
which  (106)  always  holds  ]  ,  u(x)  is  called  the  electromagnetic  vector  potential  and 
the  choice  of  the  gauge  is  of  some  importance  in  simplifying  problems. 


5.4  Vector-Tensor  Relations 

Let  us  consider  the  tensor  (y  =  [Gjj(x)J  .  The  quantities  u.(x)  and 
v .  (x),  defined  by 


u.  (x)  =  Z 

j 


<3G, .  (x) 

dxj 


’i<£>  =Z 


3G..(x) 

,  ~*r 


(108) 


are  components  of  vectors  u(x)  =  |  u  j  (x)  }  ,  v(x)  =  ■  The  relationships 

between  the  irreducible  representations  contained  in  the  expansion  of  (x)  and 
those  contained  in  the  expansions  of  u (x)  and  v(x)  will  now  be  given.  The  results 
can  also  be  used  to  solve  Eq.  (108)  for  G^  (x)  when  either  u(x)  or  v  (x)  are  given, 
although  Gm  (x)  will  not  be  unique. 

Actually,  we  obtain  a  better  result.  We  decomj  ,  :e  the  tensor  into  its  unit,  anti¬ 
symmetric  and  symmetric  parts,  as  in  Eq.  (76b)  or,  equivalently,  Eq.  (76),  and 
find  the  vector  expansion  corresponding  to  the  use  of  (108)  for  each  part  of  the  ten¬ 
sor.  Let  us  take  G^j  (x)  to  have  the  dimensions  l\  and  write 


Gm(x)  =Z  Gjjj(x)  , 


Gj||  ( x)  =  ( 2 7T )  3/2Z/qiV<  (p,  j,a  )e1£~~g^  (p,a  )~U+3~  •  (109) 

We  define  the  vectors  u^  (x)  ana  v"*  (x)  by 


}  (x)  =  {uj(x)}  . 

u]  (x) 

H 

dxk  ' 

u>. 

II 

< 

vj(x) 

II 

so{k<2S>  . 
dxk  • 

(110) 
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The  vectors  (x)  and  (x)  will  have  expansions  : 

u^(x)  =  (27r)  3^2  ^-/q(£,  a  )  e  t''*  (  p,  a  1— ^  ~2 

P 


v^(x)  =  (27r)  ^  Z/q(p,o)o  E~CsUp,a)  Nr2  • 

(Ill) 

Then  it  can  be  shown  that 

r°(p,a)  =  s°(p,a)  =  (  3)” 1  i S  Q  Og°(£>  , 

(112) 

r  1  (p,a  )  =  -  s  1  (p,a  )  =  (  2)  1  ^2  i  a  g  1  ( p, a  )  , 

(113) 

r  2  (  p,  0  )  *  s  2  ( p,  0  )  =  -  (2/3)1/2ig2  (d,0)  , 

(114) 

r2(p,a)-  2  (p,a  )  =  -  (  2)-1^2  ig2  (p,a  )  ,  for  a  =  ±1  . 

(115) 

In  Eq.  (112),  g°(p)  =  i» 0  ( j^,  0).  Equation  (112)  is  proved  trivially. 

To  prove  Eq.  (113)  we  write  G^(x)  as  in  Eq.  (80),  with 

G(x)  --  '2tt)-3/2X  /Q(p,a)ei£;Sg1(p,a)-jJ|r  (116) 

(see  Eq.  (82)).  Then  for  j  =  1,  The  first  of  Eqs.  (110)  becomes 

ul(x)  =  -v1  (x)  =  (2f  1/2i  VxG(x)  .  (117) 

rsy  ~  'v  M 

Equation  (113)  follows  from  Eq.  (117)  in  the  same  way  that  Eq.  (105)  follows  from 
Eq.  (103). 

Equations  (114)  and  (115)  are  proved  as  follows.  Erom  the  first  oi  Eqs.  (110), 
(111),  and  (100),  together  with  Eq.  (72),  we  have,  aftei  taking  Fourier  transforms, 

£Q(p,a  )  r  2  (p,a  )  =  £  £  i(4w  /5)^2  <r(p,  m)  ^  ™,Q  (  8,  <p)  g  2  ( p,a  )  ,  (118) 

a  ~  ~  "  a  m  ~  ~ 


34 


where  or  (p,m)  =  {  or.  ( p,  m)} 


is  a  vector  whose  components  are  defined  by 


<r.(p,m)  =  £  (pk/p)Wki 
k 


( 2,  m)  . 


(118a) 


By  explici*  computation,  we  can  show  tliat 


Q  (P.°)^f(p,m)  =  -(2/3)1^2(4  W5)1/2Y™'°(  9,(f>)  , 

S  {£’a)lZ{  P.™)  =  -(l/2)1/2(4  ir /5)1/2Y™’Q  (  0,<£)  ,  ( a  =  ±1)  .  (119) 

In  Eqs.  (119),  B  ,</>  are  the  polar  angles  of  p,  as  usual. 

The  relationship  between  r2(p,o  )  and"g2(p,a)  follows  from  the  first  of 
Eqs.  (55b)  and  (119)  and  the  orthogonality  relation  (All).  The  other  relationships 
of  (114)  and  (115)  are  similarly  obtained. 

Let  us  now  consider  the  case  where  a  tensor  is  formed  by  differentiating  a  vec¬ 
tor.  Let  the  components  of  the  tensor  G^,  ( x)  =  {g  .r  (x)}  be  obtained  from  the 
componen.s  of  the  vector  w  (x)  |w  j  ( x)  J  as  follows  : 

dw.(x) 

Gik(i')  =  “7xk  ’  (120) 

Let  us  assume  that  (x)  has  the  dimensions  LN  and  therefore  that  the  expansion 
(109)  is  valid.  The  vector  w(x)  will  have  the  dimensions  LN' +  1  and  hence  the  ex- 
pans  ion 


w 


u> .  (2  j  . 

^  r»‘ 


(121) 


We  shall  show  tint  the  expansions  of  C.^j  (x)  and  w  (x)  are  related  by 


g°(p)  =  (  3)"1/2  ik  (p,  0)  , 

(122) 

1  -1/2 

g  (p,  Q  )  -  -  (  2)  i  a  k  (p,a  )  ,  for  a  =  +  1, 

(123) 

g1  (p,0)  =  0  , 

(124) 

g<!(p,0)  -  -  (  2/3)" 1  ^  2  i  k  ( p,  0)  , 

(125) 
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g  2  (  p,a  )  =  -  (  2)  ^2  ik  (  p,  Q  )  foe  q  =  ±1, 


g"  (p,Q  )  =  0  ,  for  a  =  ±2 


To  prove  the  above  results  we  first  note  from  Eqs.  (76c) 


Gj^(x)  =  (  1/3)ImV^w(x)  , 


Gik(~)  =  2 


3w.(x)  dw^lx) 


<3x, 


3Xi 


0  dw.(x)  3w.(x)  0 

Gr.(x)  =  +  — — - 4s.,  7. 

lk  ~  dx,.  3Xj  3  ik~~ 


w  ( x) 


To  prove  Eq.  (122)  we  use  Eq.  (77),  with 


G(x)  =  (2  7r)'3/2/c1£~~g°(p)-^-~3-  . 

P 

Then  Eq.  (128)  leads  to 

G  ( x)  ■  -(3)'1/27.  w(x)  . 

Equation  (122)  then  follows  from  Eqs.  (132)  and  (121)  just  as 
Eq.  (93). 

To  prove  Eqs.  (123)  and  (124)  we  use  Eq.  (80),  with 
G(x)  =  (  2  77-)  3/2  £  /g(i>,<»  )e‘E~~ g^Jg.o  • 

a  p 

It  is  easy  to  see  that  Eq.  (129)  is  the  same  as 

G ( x)  *  -(2f1/2i  Vxw(x)  . 

^  ~  <«v»  'v 


(126) 

(127) 

,  (76d),  and  (120)  that 

(128) 

(129) 

(130) 

(131) 

(132) 

Eq.  (96)  follows  from 

(133) 

(134) 


Then  Eqs.  (123)  and  (124)  follow  from  (134)  just  as  Eq.  (105)  follows  from  Eq.  (103). 
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To  prove  Eqs.  025),  (126),  and  (12Y)  we  introduce  the  matrix  C,.  (p,a  ) 

=  {cik(£'Q)}; 

Cik(£,c:)  1  I  [7?kQi(E’a)  +  ^i^k  (£’a)  +  I  Sik  Sa  ,o]  ’  2  =  £^p*  (135) 

Equation  (130)  is  equivalent  (after  taking  an  obvious  Fourier  transform)  to 

M  W5)1/2  ££  WM(2,m)Y^'Q*(  0,v)g2(p,a  ) 
am 

=  1 1  CA((p,a)k(p,a)  .  (136) 

But  by  explicit  calculation  we  can  show  that 

tr\V;[I(2,m)CM(p,a)  =  -  (  2)"1/2  (4  it /5)1/2  Y™’a  * (  9,<f>)  ,  a  =  ±1  , 
tr  W^(  2,  ni)C^j  (p,  0)  =  -  (2/3)1/2  ( '1  rr/5)1/2  Y™’  °*  (  0,</>)  .  (137) 

Equations  (125)  to  (127)  then  follow  directly  from  Eq,  (71). 

o.  i\m;h  imiodi  cts.  ccmiiKi.vimvs  ai  tocohhki.a  iions, 

MAtJ.MTl  m;s  ()!■  PlhSICAl,  QUANTITIES 

(i.  I  t.orrcliUitms  Itrtnrcii  Tensor*  of  the  Same  Hank 

Let  us  consider  two  tensors  of  the  same  rank,  which  we  write  as  column  vec- 

tors  G  (x)  and  II  (x).  Let  G  ( x)  be  of  dimension  1/  and  II  ( x)  be  of  dimension 
c~  c~  c  ~  c~ 

L  ,  The  quantity  Gc(x)  will  be  taken  to  have  the  expansion  (-15)  ;  li^fx)  will  be 
taken  to  have  a  similar  expansion  but  with  c-*’ 11  ( m),  t\‘ n  ( p,  a  ),  H.’ 11  ( p,a  ),  and  N 

C  -v  (1  /-Vy 

replaced  by  d3,  n  ( m),  k^’ n  ( p,  a  ),  k  jj’ n  ( p,  a  ),  and  M  respectively. 

We  wish  to  introduce  an  invariant  inner  product  between  G  (  x)  and  11  ( x).  It 

c  c  ~ 

was  seen  that  c*’n(m),  and  thus  d •*’ n  ( m ),  transform  as  nonunitary  representations 
of  the  scale- Euclidean  group.  Hence  we  measure  G  (x)  and  II  ( x)  from  the  mean 

and  set  c"*’n(m)  =  d^,n(m)  =  0  ,  An  obvious  inner  product  that  is  invariant  under 
all  transformations  of  the  group— including  the  scale  transformation—  and  satisfies 
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the  usual  requirements -of  an  inner  product  in  Hilbert  space  is 


( II,  G) 


z 

j.'l 


Lj 


J.n 


(  P>  Q  )  f  1* 11  (  Pi  a  ) 


dp 


kdJ,n(P'o)fd,1(P'a * 

P 


(138) 


I/O 

In  particular,  ( 0,  G)  =  M  (G)  will  be  called  the  magnitude  of  Gc(x)  and  used  as 
a  measure  of  this  quantity,  which  is  independent  of  the  frame  of  reference  and  the 
units  of  length  used. 

We  take  over  the  arguments  of  Part  I  for  using  the  inner  product  (If, G)  as  a 
correlation.  Accordingly,  we  define  the  correlation  K  ( II,  G)  between  II  (x)  and 
Gc(x)as 


K  ( II,  G)  =  (II,  G)  . 


(130) 


Further,  we  define  the  correlation  coefficient  C  ( 1 1 ,  G)  as 

C’Ol.G)  =  K(II,G)  /  [  M  ( II)  M  ( G)  ]  .  (140) 

For  each  transformation  of  the  group  we  introduce  an  autocorrelation  and  an 
autocorrelation  coefficient.  The  translation  autocorrelation  (TAC),  written  A(G,a), 
and  the  translation  autocorrelation  coefficient  (TACO, written  A  (G,a),  are  defined 
like  their  one-dimensional  analogs: 

A  ( G,a)  =  K  (G,T(a)G  )  . 

A  c  ( G,  a)  =  C  (  G,  T(a)G )  .  (141) 

These  quantit'es  compare  a  tensor  with  itself  when  it  is  measured  in  a  coordinate 
system  whose  origin  with  respect  to  the  original  coordinate  system  is  shifted  by 
the  vector  distance  a. 

Again,  as  in  Part  I,  the  scale  autocorrelation  (SAC),  written  B(G,X),  and  the 
scale  autocorrelation  coefficient  (SACO,  written  B  (G,\),  are  defined  by  : 


B  (  G,  A  )  -  K  (  G,  S(  X  )  G  )  , 
M  (  G,  X  )  r  C  (  G,  S(  X  )  c; }  . 


(142) 
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These  quantities  compare  a  tensor  with  itself  when  it  is  'stretched. ' 

The  third  autocorrelation,  which  we  call  the  isotropy  autocorrelation  (IAC),  is 
denoted  by  I(G,fi  ),  and  the  corresponding  isotropy  autocorrelation  coefficient 
(IACC)  by  I  ( G,  6  ).  These  are  defined  by: 

KG.fi)  =  K  ( G,  R  { 6 )  G  )  , 

I  (G,  8)  =  C  (g,R(0)G)  .  (M3) 

These  quantities  compare  a  tensor  with  itself  when  it  is  measured  in  a  rotated 
frame  of  reference.  If  the  tensor  is  isotropic,  then  IACC  is  unity  for  all  6  . 
(Although  it  can  be  shown  that  such  tensors  have  trivial  properties,  we  do  not  go 
into  this  in  detail  in  the  present  paper.)  More  generally,  the  range  of  9  for  which 
the  IACC  is  near  unity  gives  a  measure  of  the  isotropy  of  the  tensor  —  the  larger 
the  range,  the  greater  the  isotropy. 

We  believe  that  the  IAC  and  IACC  will  be  very  useful  in  defining  a  degree  of 
isotropy  of  tensors  and  we  hope  to  make  use  of  them  in  later  papers.  The  one- 
dimensional  analog  of  the  IAC  and  IACC  is  the  comparatively  simple  autocorrel¬ 
ation  and  autocorrelation  coefficient  denoted  by  D  and  D  respectively. 

(>.2  Detailed  Correlations;  Correlations  Between  Tensors  of  Different  Banks 

In  Sec.  8.1  we  introduced  correlations  between  tensors  of  the  same  rank.  We 
used  an  invariant  inner  product  (138)  that  resembles  Parseval's  theorem  for 
Fourier  series  or  integrals.  There  is,  however,  a  more  fundamental  inner  product 
that  is  invariant,  namely,  the  inner  product  (29)  or  (31)  for  the  irreducible  rep¬ 
resentations.  This  inner  product  is,  in  an  obvious  sense,  the  minimal  invariant 
inner  product. 

We  now  introduce  the  notion  of  sets  of  detailed  correlations  and  detailed  cor¬ 
relation  coefficients  for  two  tensors.  Let  G  (x)  and  II  (x)  be  column  vectors  cor- 

c  ~  c  ~ 

responding  to  two  tensors,  with  the  same  expansion  as  before.  Instead  of  requiring 
the  two  tensors  to  be  of  the  same  rank,  however,  we  now  allow  them  to  be  of  differ¬ 
ent  ranks,  and  therefore  have  different  values,  for  the  variable  n.  We  form  pairs  of 
irreducible  representations,  one  member  of  each  pair  being  taken  from  the  expan¬ 
sion  of  G  (x)  and  the  other  from  II  (x).  To  each  pair  we  assign  a  correlation,  as 
c  ~  c  ~ 

follows.  The  correlation  is  zero  if  the  value  of  the  helicity  variable  a  of  one  mem¬ 
ber  is  different  from  that  of  the  second  member,  or  if  one  member  is  a  discrete 
representation  and  the  other  is  a  continuous  representation.  Otherwise,  the  correl¬ 
ation  between  the  pair  k£'n(p,a)  and  H  (p,a),  denoted  by  I<c,(k,j,n;  f,  j ’, n a  ),  is: 
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The  set  of  detailed  correlations  for  the  tensors  Gc  (x)  and  II  (x)  is  the  set  of 
correlations  thus  constructed.  We  can  now  ask  for  the  set  of  detailed  correlations 
between  a  scalar  and  a  tensor  of  rank  2,  for  example,  or  for  the  set  of  correlations 
between  a  vector  end  a  tensor. 

A  special  case  is  that  for  which  II  (x)  =  ( x).  Among  the  correlations  for 

a  tensor  of  rank  2,  for  example,  will  be  j  =  2,  a  =  1,  and  j  =  1,  a  =  1.  Correlations 
of  this  type  are  clearly  significant. 

We  can  also  introduce  magnitudes  of  the  irreducible  representations  in  the 
following  obvious  way  : 


M  c  (  f,j,n  :o  )  = 

[f<c<f,j,n;  f,j.n:a  )] 

!  1/2 

> 

M(|(f,j,n:a  )  = 

[K d ( f , j , n ;  f,j,n:a  )  J 

1  1  /  2 

(145) 

We  now  also  introduce  sets  of  detailed  correlation  coefficients  between  1 1  c  { x >  and 

G  (x).  The  correlation  coefficients  are  zero  if  the  correlations  are  zero.  Otherwise, 
c  ~ 


K  f,j',n':a  ) 

Cc(k,j,n;  f.j'.n':a  )  =  -^Tk,  ]7n :  a')  AI  c  ( f,  j^nha  )  * 


K  ,(k,j,n;  f,j',n':Q  ) 


C(1<k,j,n;  f,j',n':a  )  =  AI  ( k,  j,  n :  a  )  M  (,  ( f,  j',  n1 :  a  7  * 


Sets  of  detailed  autocorrelations  and  autocorrelation  coefficients  associated 
with  the  transformations  of  the  group  can  be  defined  ir.  an  obvious  way.  For  the 
sake  of  brevity  we  omit  the  details. 
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Appendix  A 


Irreducible  Representations  of  the  Rotation  Group;  Generalized  Surface  Harmonics 


Al.  JACOBI  POLYNOMIALS 

The  Jacobi  polynomials  P  ^  ( x)  are  defined  and  their  properties  given 
elsewhere  (see,  for  example,  Szego,  1959),  For  convenience,  we  define  the  closely 
related  polynomials  S(j,m,m',x)  as: 


,  n(m -m'm+m')/„v 
S ( j, m, m',  x)  =  Pj.m  (x)  » 


where  j  is  any  nonnegative  integer  or  half-odd  integer,  and  m  and  m'  each  take  on 
the  values  of  -j,-j  +  l,...,j-l,j.  From  Rodrigues'  formula  for  the  Jacobi  poly¬ 
nomials  (Szego,  1959): 


S(j.m,m',x)  =  (-l)j-m  (f^(l-x)-(m-m,)(l+x)-(m+m,)  x 


X  7TTS  +  . 


A* 


An  alternative  expression,  given  in  Moses  (1965b),  is: 


\2.  THE  IKHKIH ■EIIILK  KKIMtESKNTATIONS  OK  THE  HOT  VI  ION  (HUH  V 


The  expression  for  the  matrix  elements  Il'^(3)(ni,m')  is 


(j  -m)  !  (j  +  m)  ! 
(j  -  m')  !  (j  +  m1)  ! 


fl]  /_(sinf) 


d2  +  1  S  1 
e 


q  &3  g\m  rm' 

cosy  +  i  ~~  sin S(j,m,m!,  z)  ,  (A4) 


where 


9  -  |£  |  ,  z  =  [  1  -  (  V^)2]  cos0  *  (  63le) 2  • 


ax  <;i:m:h  m.i/.ku  snti- vck  hahmomcs  ami  tiikik  im«hm:kti!:s 


Generalized  surface  harmonics  are  defined  by 


Y  m’m'(9,4>)  -  <-l)m-m'(1/2)m+  1  [  (2j-  1)  /tt]  1/2  x 
J 

v  f  (i-m)  !  (j  +  m) i(ni -m')<$  f  .  olm-m'v 

x  n-m'ynT+mTi  e  is,nGJ 


X  [l+cossj™  S( j.m.ni'.cosO)  , 


where  0  <  6  <  tt  and  0  *■  b  <  2w  . 
Let  9  be  a  vector: 


9  -  9(  co&4>  >  sin  <j>>  0)  • 


Then 
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R(j)(0)(m,m’)  =  (-i)m'm'  [4w/(2j  +  l)]  .  (AGa) 

That  the  surface  harmonics  reduce  the  infinitesimal  generators  of  the  rotation 
group  in  the  helicity  representation  is  perhaps  their  most  interesting  property.  Let 
8  and  <f>  be  the  polar  angles  of  a  vector  x  =  r  ( sin  9  cos  <p ,  sin  8  sin  <f> ,  cos  8 )  .  The 
operators  J  .  are  defined  by 

J3=  [-i(£~X)3  +  rn')]  * 


Jk  =  [“  +  F+x"^  mj  ’  fork  =  1’2  • 


The  operators  J  .  satisfy  the  commutation  rules  Eq.  (C)  for  the  infinitesimal  gener¬ 
ators  of  the  rotation  group. 

In  terms  of  polar  coordinates, 


Jj=  £  i  ( sin$  +  cot  8  cos<f>j^-  )  +  m1  cos  tan-|-j  , 
J0  =  i(cos  <f>  -  cot  8  sin  )  +  m'  sin  <f>  tan-|j  , 


J  3 =  L*1  a* +m' 


J  (8  ,<f>)  =  £  Y?,m'(0,  £)S^(n,m)  . 

1  n  =  -  i  1 


The  integrated  form  of  (A8)  can  also  be  given.  Let  tj  be  the  unit  vector,  which 
in  polar  coordinates  is 

■q  =  ( sin  8  cos<f>,  sin  8  sin  </>  ,  cos  0)  .  (A9) 

Let  t)  '  bo  the  unit  vector  obtained  from  t)  through  the  rotation 

V  • 


(A9a) 
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and  let©  '  and  <p'  be  the  polar  angles  obtained  fromi?  '  through  Eq.  (A9).  Then  the 
integrated  form  of  (A8)  is 

Ym'm’(0 \4>‘)  =  expf-^im’^Ul.T?)]  £  Yj'm,(S,^)R(j)(fl)(n,m),  (ASb) 

3  ~  ~  n  =  -  j  3 


wh e”e  is  given  by  Eq.  (31a)  . 

Further  properties  of  the  generalized  surface  harmonics  are  : 

Y™’°(S,<£)  =  Y.  (0,<£),  j  an  integer,  (A10 

J  J  1 

where  Y^m  (9  ,<p)  are  the  usual  surface  harmonics  in  the  notation  of,  for  example, 
Edmonds  (1957), 

{All 


£  £  Y™*n(0,$)Y?l,n*(0.V>sine'  =  8(0 -S')  8  ($-$')  . 

j  =|  n|  m  =  -  j  3  3 


£  Y™,n  {9  (9  ,$)  -  [<2j  + 1)/4  tt]  Sn  n. 


m  =  -j 


£  Y™’n(S,4>)Yf  ',n*(S,<£)  =  f(2j  +  l)/47r]  8 

n;“  j  J  1  L  J  m,] 


Y  ™ ' n  (0 ,  <£)  =  (-l)n‘m  Y"’m*(0,£)  .  (A15) 


Y  n  (v  -  9  ,w  +  <p)  =  (-l)3+m  +  2ne-2in^Y:m*n,:'(S».  (A16) 

3  3 


45 


Appendix  B 

Derivation  of  the  Irreducible  Representations  of  the  Scale-Euclidean  Group 

We  now  obtain  all  irreducible  unitary  representations  of  the  scale- Euclidean 
group  in  the  usual  separable  Hilbert  space.  These  are  the  irreducible  rotation 
group  representations  of  Sec.  3.1  and  the  continuous  helicity  representations  of 
Sec.  3.2.  The  discrete  helicity  representations  (Sec.  3.3)  are  obtained  from  the 
continuous  helicity  representations  by  going  to  a  nonseparable  Hilbert  space.  The 
irreducible  unitary  representations  in  the  separable  Hilbert  space  are  the  only  ones 
in  such  spaces.  There  may,  however,  be  other  representations  in  nonseparable 
Hilbert  spaces.  In  the  nonseparable  Hilbert  spaces,  the  particular  representations 
that  we  have  chosen  allow  us  to  include  functions  that  have  periodicities  among  the 
physical  quantities  we  have  been  studying. 

II.  1  PHKI.IMINAHIKS 

We  shall  be  using  the  infinitesimal  generators  of  the  representations  of  Eq.  (20). 
From  Eqs.  (17a)  and  (18)  it  follows  that 

[s(X),J.]=0,  S(X)P.  =  eX  P;S(X)  . 


(Bl) 
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Furthermore,  from  the  multiplication  rule  for  the  rotation  group  |bq,  (16)j, 


R (£) R(£)  =  R (£) R (£')  ,  (B2) 

where 

5'  =  RM("£)n-  (B2a) 

Thus, 

which  finally  leads  to  : 

R(-£)JR(0)  =  RM(£)J  .  (B2c) 

From  Eq,  (19),  we  have 

=  RM(£)P  •  (133) 


1)2.  THE  1HHEDUCIH1.E  ROTATION  GROUP  REPRESENTATIONS 

Since  the  Ilermitian  infinitesimal  generators  ?.  commute,  they  can  be  diagon¬ 
alized  simultaneously.  We  consider  two  mutually  exclusive  cases.  In  the  first 
case,  the  simultaneous  eigenvalues  of  P j,  which  we  denote  by  p  =  (ppPg.Pj), 
have  the  value  p  =  0  in  the  spectrum.  In  the  second  case,  they  have  the  value  p  /  0 
in  the  spectrum.  The  first  case  leads  to  the  irrcduciE.e  romtion  group  representa¬ 
tions,  and  the  second  leads  to  the  continuous  helicity  representations. 

We  consider  the  first  case  and  designate  by  |y)  all  linearly  independent  si¬ 
multaneous  eigenkets  of  having  the  simultaneous  eigenvalue  p  =  0.  This  variable 
y  should  not  be  confused  with  the  variable  y  that  was  used  to  label  the  rows  of 
C>c,  as  in  Eq.  (32).  Then 

P  j  |  y)  =0  (B4) 

or,  equivalently, 

P  |  y)  «  0  . 


(B4a) 
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Lemma 

The  ket  R(£)|y)  is  also  a  simultaneous  eigenket  of  P.  that  has  the  eigenvalue 
p  =  0.  Likewise,  S(X)|y)  is  such  an  c’genket. 

Proof 

From  (B4a)  and  (B3) , 

PR(e)jy)  1  R(jg)  [RM<£)P]|y>  =  0.  (B5) 


Likewise,  from  (Bl), 

P  S  ( X )  |  y  )  =  e'X  S(X,P|y  >  =  0  , 
which  completes  t!ie  proof. 


(B6) 


Thus,  the  Hilbert  space  is  an  invariant  space  corresponding  to  the  eigenvalue 
0  of  P.  This  is  the  carrier  space  for  the  rotation  group  and  for  the  scale  operator 
S(X>.  Since  the  one-dimensional  scale  operator  commutes  with  the  elements  of  the 
rotation  group,  we  can  diagonalize  it  and  simultaneously  reduce  the  rotation  group. 
Clearly,  if  there  is  more  than  one  representation  of  the  scale  group  and  one  of  the  ro 
tation  group,  the  representation  of  the  direct  product  of  the  representations  of  the 
rotation  and  scale  groups— and  hence  the  representation  of  the  corresponding  scale- 
Euclidean  group-is  reducible.  Thus,  the  only  irreducible  representations  are  those 
for  which  the  rotation  group  lias  an  irreducible  representation  characterized  by  the 
number  j  and  for  which  the  scale  group  has  an  irreducible  representation  such  that 
the  infinitesimal  generator  D  has  the  single  real  value  d  in  its  spectrum. 


113.  Tllh  l.ONTI.M  01  S  IIKI.ICm  UKI’HKSKYI’ATIONS 

In  this  case  the  opeiators  P.  have  a  simultaneous  eigenvalue  q  /  0.  We  denote 
the  simultaneous  eigenket  by  |q)  .  Then 

Pi  i2>  =f*i|a>  •  (BY) 

Lemma 

The  point  qQ  =  (0,0,1)  is  in  the  simultaneous  spectrum  of  P  . 
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Proof 

Let  the  ket  |  VV  )  be  defined  by 

|W>  =  R(-A)S(r)|q  ),  (B8) 

where  A  is  given  by 

A3  =  °,  A  =  |  A  |  ,  qj  =  -f|-^  sinA,  q2  =  q  sin  A  , 

q  3  =  qcosA,  q  =  |  q  |  ,  (B9) 


and 


r  =  logq  . 

Then  from  ( B1 )  and  (B3), 

Pt|W)  =  e'rI  R  f  A!li(-A)S(r)P.  |q) 
j  ‘J  ~  J  ~ 

=  e"T  I  R,j(-A)qj  |VV)  . 

J 

Then  from  Kq.  (2),  (BO),  and  (BIO)  it  follows  that 

Pj  |w)  -  P2|w>  •  0,  P3|w>  =  |w>  . 


(BIO) 


(Bll) 


(B12) 


Hence,  W  is  an  eigenstate  of  the  operators  P  j,  with  the  simultaneous  eigen¬ 
values  given  by  q  ,  and  the  lemma  is  proved. 

We  now  let  |y  )  be  all  the  linearly  independent  simultaneous  eigcnkets  of  P. 
having  the  simultaneous  eigenvalue  q  The  variable  y  is  used  to  label  the  linearly 
independent  kets,  as  before.  We  then  define  the  kets  |  p,y)  : 


p,  y  )  =  K  (<n)  S(-/i )  |  y  ) 


(BIB) 
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where  w  and  p  are  given  in  terms  of  p  as  a  one-to-one  correspondence  by 

«3  =  0,  ur\u\  ,  ?1  =  -P—  sinw,  p2  =  p—  sinw, 

p  3  =  p  cos  aj,  p-  logp  .  (B14) 

Theorem 

The  kets  j  p,X)  are  simultaneous  eigenkets  of  P .,  having  die  eigenvalues  p, 
that  is, 

pi  |p.y  )  =  P{| P. X)  •  <B15) 

Proof 

The  proof  is  very  similar-  to  the  proof  of  the  preceding  theorem. 

The  following  theorem  is  obvious  for  separable  Hilbert  spaces. 

Theorem 

The  spectrum  of  the  operators  P  .  is  continuous.  The  simultaneous  eigenvalue 
p  ranges  over  the  entire  three-dimensional  p-space.  Any  eigenvector  |  p)  that 
satisfies  P  .  I  p)  =  p .  I  p)  is  a  linear  combination  in  y  of  the  kets  |  p,  y)  . 

Strictly  speaking,  p  =  0  is  not  in  the  spectrum  of  the  operators  Pji  however, 
one  point  in  the  continuous  spectrum  is  of  zero  measure  and  of  no  importance. 

From  Eqs.  (B15),  (19a),  and  (20), 

T(a)jp,y>  *  el~~£|_p,  y).  (BIO) 

Equation  (BIG)  shows  us  how  the  group  element  T(a)  is  represented  in  this  basis. 
We  now  find  the  representations  of  the  remaining  elements  of  the  group  in  the  same 
basis.  We  first  find  the  representation  of  S(X).  From  the  commutation  rules  (17a) 
and  Eq.  (B13), 

S(X)|j>,y  >  *  R(w)s(X-/j)|y>  =  |p'.y>  , 

where,  from  Eq.  (B14), 

,  -X 
P  =  <•  P 
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or  finally, 

S(X)|p,y)  -  \e'X  p,y  >  .  (B17) 

To  lincl  R(0)  in  this  representation  for  arbitrary  £  is  much  more  difficult.  We 
first  find  the  infinitesimal  generators  J  j  and  then  integrate. 

Lemma 

The  ket  J,j|y)  is  a  simultaneous  eigenvector  of  the  operators  Pj,  with  the 
eigenvalues  given  by  qQ  =  (0,0,  1). 

Proof 

We  iiave  P  jJ  3|y  )  =  y)  +  J  3  r*  j  |  X )  •  The  lemma  then  follows 

from  the  commutation  rules  of  Eq,.  (21). 

Since  the  kets  |y  )  are  all  linearly  independent  kets  having  the  eigenvalue  q  , 
it  follows  from  the  lemma  that  J  3  j  y  )  is  a  linear  combination  of  the  kets  |  y ) . 
Hence,  we  write 

J  3|r)  *  X  M(y',y)|y,> .  (Bis) 

In  Eq.  (BlfJ)  we  iiave  assumed  that  y  is  a  discrete  variable.  Actually,  we  can 
use  any  measure  function  for  y  that  is  compatible  with  the  separable  Hilbert  space. 

Definition 

Let  us  define  the  operator  iVI  acting  on  the  kets  |  p,  y)  : 

M  J  p,  >-  >  =  l  M(y',y)\p,y')  .  (R19) 

r' 

It  is  to  be  noted  that  M  commutes  with  P.  and  S(X).  To  finri  J  Kq.  (B2)  is 
used  to  obtain 

exp  [i/3J.{]  I  P.//’  =  exp  [i/Jj  3]  R  (w )  exp  [  -  i  J  S  ( -/* )  exp  ( i£l  .,]  ) 


=  R(w')S(-X)exp  [i/3i\l]  |  y  )  , 


5] 


or, 


exp  [i/3J 3]  |  p,y>  =  exp  [i/3i\l]  |  p',y  >  , 
where 

wj  :  Wj  eos/3  +  Wg  sin/3  , 

w2  =  W2C0S@  '  > 

^3  =  W3  , 

and  p'  is  related  to  u>'  as  p  is  to  w  [see  Eq.  (B14)]  .  Hence,  by  Eq.  (B20a), 
pj  =  p:  cos/3  +  p2sin  /3  , 
p  2  =  P2c°s/3  -  p  j  sin  /3  , 
p3  =  p  3  ’ 


(B20) 


(B20a) 


(B20b) 


Now,  from  Eq.  (B20), 


J3l£^>  =  oxp[i/3J  3]  i  P,  X  >1^  =  0 

=  {'‘J/F  1 2'’y^0  =  0 +  Mlp.y)  • 

Finally, 

J3 Ip.y )  1  {i(pxv)  +  m}  jp,  y> ,  (1321 ) 

since 


(B22) 
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We  now  find  Jj  and  3^  From  Eqs.  (B13)  and  (20), 
*Y>  ={'{  d|R^)S(-M)|  y)}^, 


where 


P i'a-P~sin^.  P^pXin^,  p 3  =  pcos  /3cli 


(B23a) 


Finally,  from  Eq.  (B14), 


(PlJ2  '  P2J1>(P.>'>  ■l[-p2j|-|,),y>  +  p  (p.V)j  ^  „ 

j  %  I  /v  ^ 

Having  obtained  (PlJ2  -p2J1)(p,y) ,  we  now  find  (p  ,  J  ,  +p<  j  )|p 

We  shall  then  have  two  equations  in  Jt  |  p  y>  ami  J  f  „  v'  i  ^  2 

solve  simultaneously.  l!~  2fi'y'  *h,Ch  'V°  Can  thon 

From  Eq.  (B2c), 

exP[lS^]^J>3exp[-«:j]  »  («xj>3cos«  -wJ;jSinWl 

0xp  ]  (24i>  3  oxp[^^]  :  %XJ)  co.su,  +  w  J  3  sin  *  .  m 

From  Eqs.  (131 3)  and  (B25), 

~~~  :j  li,’y>  =  °XP  f  l~*]  (  exP  <«££>  4  expfi^j]  S(-M  )}  |  y) 

=  coSW{exP[i^j](<pXj)rS(-/i)  |y>}  +  coslnw  Mj  p,  y  ; 

C°S  "  ~~ ~  3  I P’  y  ^  "  J  3 sin  w  cos  «>  |p,y)  +«v  sinwMi y  ) 


( 13  2  0 ) 
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We  can  now  solve  Eq.  (B26)  for  P,  y)  .  Using  Eq.  (132 1 )  for  J  3|  £, /)  ..  and 

Eq.  (B14)  to  replacew  by  p,  we  have 

(pl  Jj  +  p2J2)|p,y>  =  [-ip3(px7)3  +  (p-p3)m]  |  £,  X>  .  (B27) 

Solving  Eqs.  (B2-1)  and  (B27)  for  J  J  p,y)  and  Jg|  p,y)  ,  we  finally  get 

J i  I E'y>  =  [i(£*?i  ■-  l£’y)  ' 

J  2 1  £'  y>  =  [ 1  2  +  M  ]  Ifi* y >  •  (B27) 

From  Eqs.  (B21)  and  (B27) , 

(PaJ>Ip./)  '  pM|P.y>  ,  (1328) 

or, 

M  =  (  P* J)(  P)"1  ,  (B28a) 

•v  »v  /s/  — 

where  the  operator  P  is  defined  by  P|  p,  y)  -  p|  p,y)  .  From  (B28a)  it  is  clear 
that  M  is  a  Ilermitian  operator.  Simce  M  is  independent  of  Pj,  it  is  possible  to  find 
a  transformation  in  the  y -space  such  that  M  is  diagonal,  that  is,  spectrally  repre¬ 
sented.  With  this  choice, 

M  |p.y)  -  a(y)|  p.  y) ,  (B20) 

where  a  (y )  is  a  real  function  of  y  .  We  are  led  to  the  following  lemmas. 

Lemma 

For  an  irreducible  representation  the  valuable  y  can  take  on  only  one  value. 
Hence,  a  (y)  =  a  is  simply  a  real  number. 

Proof 

If  y  took  on  more  than  one  value  the  operators  T(a),  S(X),  and  J  {  would  map 
into  themselves  subspaces  corresponding  to  two  different  values  of  y  .  By  defini¬ 
tion,  then,  the  representation  would  be  reducible. 

Lemma 

The  constant  a  can  take  on  only  integer  values  (positive,  negative,  or  zero). 


54 


Proof 

For  irreducible  representations,  Eq.  (B20)  now  reads 


exp  [i/3j  3]  jp>  =  el/3a  j  p1  )  , 


(B30) 


where  p1  is  given  by  Eq.  (B20b).  From  the  group  multiplication  laws,  however, 
exp[i  2  77j^J  =  I,  where  I  is  the  identity  operator.  On  setting  P  =  2o,  the  lemma 
follows  immediately. 


We  finally  give  R(0)  in  th is  representation: 

R(0)|_p)  =  exp[-2io^(-0,2)]  j  RM(0)p>  .  (B31) 

In  Eq.  (B31),  <$>(9,^)  is  given  by  Eq.  (30a)  . 

To  verify  Eq.  (B31)  we  write 


|p,0,a)  =  R(0)|p>  , 


(B32) 


where  9  - 1  8  |  ,  as  usual,  and  c  -  9 1 8  . 

A  first-order  differential  equation  for  |  p,0,o)  is,  on  using  R (8)  =  exp  [i£  *J 


JL 

d9 


£.8  .a  )  =  i  (a^  J)  I  £,0  ,o)  • 


(B33) 


It  is  readily  shown  that  the  only  solution  of  Eq.  (B33),  subject  to  the  condition  that 
|  P.0, o'  )  =  |  p)  ,  is  the  righthand  side  of  Eq.  (B31) 

Since  tiie  kets  |  p)  span  the  Hilbert  space,  the  identity  is  given  by 

1  =  /IpXpI  (B3,}) 


where  a  (p)  is  a  positive  function  of  its  arguments,  determined  by  the  requirement 
that  the  representation  be  unitary. 


Lemma 

The  function  a  (p)  is  given  by 
a  ( p)  -  p  3  . 


(B35) 
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Proof 

From  Eqs.  (B31)  and  (B34) 


K<£>  =  R(0)U=  /«(£>  |p><p| 

=  /exp[-2ia<J>(-8,j)]  |  <£>P  >  <P  I  ■ 


Hence, 

Rf  (£)  =  /exp[2ia  4>(-8,^)]  I  P>OtM<0)p|  . 

But 


R(6)Rt(£)=  f  exp  [  2  i  a  $  ( -  8 ,  ■>})  ] 


r<£}  |  p  X  Rm(£)p| 


or 


R(8)R+  (8)  /iRM(fl)p  ><RM(0)p| 


dp 


■=  I  . 


7  a  ( p) 

In  Eq.  (B38)  we  define  the  new  variable  integration  k  as 
k  =  Rm  (8)p,  dp  =  dk  . 

After  substituting  into  Eq.  (B38),  we  replace  the  dummy  variable  k  by  | 
Eq.  (B38)  becomes 


/l  pXpI 


dp 


'=  I  . 


Comparing  Eqs.  (B40)  and  (B34)  shows 


a  ( p)  1  a  (  R^j  (-g)p) 


for  all  6.  Let  us  pick  0  =  w  of  Eq.  (BH).  Then 


(B3G) 

(B37) 


(B38) 

(B39) 
.  Then 

(1340) 

(1341) 


a  (  p)  =  a  ( 0, 0,  p)  =  c  ( p)  , 


(1342) 
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that  is,  a(p)  depends  on  p  =  j  pj  only.  Thus,  we  now  write 


*  /|i>>< 


,  As 

^  I  c  ( p) 


Now,  from  Eq.  (B17), 


S  ( X)  =  SU)^!  =  /  S  ( X)  |  p>  <  p  j 


dp 
c  ( p) 


=  / 1  e"x  p  X  pI 


dp 

2<p> 


Thus, 


+  r  -X  c'p 

S  (X)  =  / 1  P><e”  pi 


and 


S(X)S+(X)=  /s(X)|p><  e"x  pj  ^|y«  i. 


or, 


dp 


I  «  /l°*X  P><  e'X  P|  . 


In  Eq.  (B40)  let  us  define  the  new  variables  of  integration  k  as 

■  -X  ,1  -  -  3X  , 
k  *  e  p,  dk  =  e  dp  . 

«v  ^  ^ 

After  using  the  new  variable  of  integration  in  Eq.  (R40)  and  after 
dummy  variable  k  by  p,  we  have 


1  =/|  P><  pl 


dp 


c  ( e^p) 
Then,  from  Eq.  (B43), 


(B4  3) 


(B44) 

(B45) 


(B46) 

(B47) 

replacing  the 

(B48) 


c  ( p)  =  e  3X  c  (  eX  p)  . 


(B49) 


Equation  (B49)  is  true  for  all  X.  Let  us  pick  X  =  -fi  ,  where  n  is  given  by 
Eq.  (B14).  Then 
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c  ( p)  =  p  3  c  ( 1 )  =  p  3  D  , 

where  D  =  c(  1)  is  a  positive  constant.  On  replacing  the  kets  |  p  )  by 
lemma  is  proved. 

The  adjoint  relations  of  Eqs.  (B16),  (B17),  and  (B31)  are 

<  p  | T ( a )  =  e  l~~P<p  |  , 

(  p  | S ( X )  -•  <eX  p  |  , 

(  p  |R(t')  =  exp  [2  i a  $  (8  ,3)]  (  RM  (-0  )p  |  . 

Let  us  denote  an  abstract  vector  in  the  Hilbert  space  by  lx  )  and  its 
in  the  basis  by  f(p),  as 

f(p)  =<  P  I  X  >• 

Then,  since 

T(a)f(p)  =<p|T(a)  |x>,  S(X)f(p)  =  <p  |S(X)  |  X)  , 
R(fi)f(p)  =<  p  | R (8)  |  x>, 

rv 

Eq.  (3)  follows  immediately  from  Eq.  (B51). 

Likewise,  the  invariant  inner  product  of  two  vectors  |x  )  and  |x')  1 
Eqs.  (B34)  and  (B35), 

<x*l  x)  =  <  x'l  l\x  > 


dp 

/  f"'  (J0)f(£)_ ' t 


where  f  ( p)  =  (  p  |  x'  )  is  just  inner  product  Eq.  (29). 

•v 


(B50) 
D  1/2  I  p)  the 

(1351) 

representative 

(B52) 

s,  from 
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11  1.  THE  DISCRETE  IIEMCm  REPRESENTATIONS 

The  discrete  lielicity  representations  that  we  shall  use  are  given  in  a  nonsep- 
arable  Hilbert  space.  They  are  obtained  from  the  continuous  helicity  representa¬ 
tions  by  replacing  the  continuous  variable  p  in  the  function  f(p)  by  a  discrete  var¬ 
iable  and  by  requiring  f  ( p)  to  vanish  except  for  a  denumerable  set  of  values  ofp. 

The  group  elements  in  these  representations  are  required  to  have  the  same  form 
as  in  the  continuous  helicity  representations  but  the  inner  product  is  changed  to 
correspond  to  Eq.  (31)  in  order  that  the  representations  may  be  unitary. 

Without  going  into  detail,  we  remark  that  the  infinitesimal  generators  Pj  exist 
in  these  representations.  They  are  Hermitian  and  have  a  discrete  spectrum  consist¬ 
ing  of  the  entire  real  axis. 


Appendix  C 

Derivation  of  the  Expansion  of  Physical  Quantities  in  the 
Irreducible  Representations  of  the  Scale-Euclidean  Group 

We. shall  now  derive  Eq.  (45),  which  is  the  expansion  of  a  physical  quantity  in 
terms  of  the  irreducible  representations  of  the  scale -Euclidean  group.  The  expan¬ 
sion  is  unique  if  we  restrict  ourselves  to  expansions  in  a  separable  Hilbert  space, 
that  is,  to  those  for  which  f^'  n  (p,  a )  =  0. 

Let  us  first  expand  Gc(x)  of  Eq.  (32),  as  follows: 

G(x,y)  =  I  W(y  | j,m,n)nj'n(x,m)  .  (Cl) 

j.  m,  n 

We  now  expand  HJ,n  (x,m)  in  the  irreducible  representations  of  the  scale-Euclidean 
group  and  then  substitute  into  (Cl)  to  obtain  the  expansion  of  the  physical  quantity 
Gc(x).  For  simplicity,  let  us  drop  the  superscripts  j,n  on  H<,'n(x, m). 

We  regard  H(x,m)  as  the  abstract  vector  I  y  )  given  in  a  representation  in  a 
space  spanned  by  the  kets  |  x,m  )  .  Thus, 


II  (x,m)  s  (  x,m  |  x  >  • 

/V  'Nrf  1 


(C2) 
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From  Eqs.  (24a),  (25a),  (25a),  and  (34),  the  group  acts  on  the  bras  (  x,m|  in 
the  following  way: 


<  x,m  |T(a)  =  (  x  +  a,m  |  , 


(x, m|S(X)  =  e^\e^x, m|  , 


<x,m|  R(d)  =  Z 

~  ~  m  ' 


!l^(0)(m,m,)<RM(-0)x,  m'  |  . 


(C  3) 


The  expansion  of  II  (x,m)  is 


<x,n|x>=  I  <x,m|k,m'>  <k,m'|x  )  +  Z  J  (  x,m|  p,a  ><p,  a  |  x>  + 

"  k,m'  a  p' 

+  ZZ(x,m|p,  a)(p,  a|x).  (C4) 

a  P 

In  Eq.  (C4)  the  kets  |k,m)  arc  the  kets  spanning  the  space  for  the  irreducible 
rotation  group  representations  of  the  scale -Euclidean  group,  where  k  denotes  the 
representation  of  the  rotation  group  that  is  involved  and  ni  is  the  variable  m  =  -k, 
-k+1, . . . ,  k-1,  k  .  The  representative  (  k, m  |  x  )  is  ck  ( m)  in  the  expansion  (45). 

We  have  suppressed  the  index  n  here  and  shall  often  suppress  it  in  what  follows. 

The  kets  |  p,  a)  are  the  kets  of  the  irreducible  continuous  helicity  represen¬ 
tations  for  helicity  a  .  The  kets  |  p,  a)  are  the  corresponding  kets  for  the  discrete 
helicity  representations.  The  representatives <  p,  a  |x  )  and  (p,  a  |x  )are  the  func¬ 
tions  f^’n(p,a)  and  f^,’n(p,  a),  respectively,  in  the  expansion  (45). 

Our  objective  is  to  find  the  transformation  kernels  (  x,  m  |  k,  m  ’ )  ;  (  x,  m  |  p,  a)  ; 
<x,m|p,  a)  . 

To  find  (  x,  m|  k,m’)  ,  we  note  from  the  discussion  in  Appendix  B2  that  j  k,m') 
can  be  so  chosen  that 

T  (a)  |  k, m )  =  j  k, m  ),  S(X)|  k, m  )  =  e |  k, m  ), 

R  (8)  |  k,  m  )  =  Z  R ^  (£) ( m',m)l  k,  m'  )  . 
m' 


(C5) 
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From  Eqs.  (C 3)  and  (C5), 

(  x,  m  |  T  (a)  I  k,  m'  >  =  (  x  +  a,  ir. !  k,m'  )  =  {  x,  m  |  k,  m 1  )  (C6) 

for  all  a.  In  the  second  of  Eq.  (06)  Vve  take  a  =  -x.  Then 

(  x, m  |  k,m‘  )  =  C^^m.m1)  ,  (C7) 

and  is  independent  of  x. 

Again,  from  Eqs.  (C3)  and  (Cf>) 

{  x,m  |  R (0 ) !  k, m1  )  =  £  _  R  ^ (£)( m,  m")(  R^  (-0)x,m"|  k,m'  ) 


8  Z(i  R^(£)(m",m'K  x,m|  k.m",  .  (C8) 

m"  ~  ~ 


On  using  Eq.  (C7),  we  get 

l  R(j)(0)(m,m")G(k)(m",m')  n  R(k)(£)(«  ",m’)C.(k)  (m,mM).  (C9) 

m"  m" 

Because  the  matrices  that  represent  the  rotation  group  in  different  representations 
are  linearly  independent,  as  are  the  tows  and  columns  of  such  matrices,  it  follows 
t  hat 


0(K)(m,m')  =  CSm  .8  ,  . 

m ,  m  j ,  K 


(CIO) 


where  C  is  a  constant  that  may  depend  on  j  ami  n.  This  constant  can  always  be  set 
equal  to  unity  by  absorbing  it  into  (k,m|x  )  in  the  expansion  (Cl).  Thus,  our  final 
expression  is 


<  x,  m  |  k,  m' ) 


-  8 


m .  m ' 


8. 

J. 


i 


(CT1) 


We  now  want  to  find  the  value  of  d  in  Eq.  ((  which  will  complete  tin  descrip¬ 
tion  of  the  reprt  sentation  o'  the  scale -Euclidean  group.  Erom  Eq:  .  (("!)  and  ((’.’)), 


<  x,  m  |  M  A)  |  k,  in') 


\  e 


x,m  I  k,  in ') 


i  dX 
e 


{  x, m |  k, m '  ) . 


(C12) 
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On  using  Kq.  (C  J 1 )  wo  have,  finally, 
cl  =  -  i  N  . 


"e  sliall  now  find  (  x,  m  I  p,a  )  .  Let  us  use  |  a)  to  denote  the  ket  for 
p  =  (0,0,  1)  =  q  Q.  Then,  from  Kqs.  (C16)  and  (C3), 

(  x,  m  |'I  (a)|a  )  -  (  x  +  a,  m|  a  )  -exp[ia.J(  x,mja) 


for  all  a.  Now  let  a  -  -  x.  Then 

**  <v 

\  x,  m|a  )  =  e  1  z G  (  m ,  a  )  , 

where  G  ( m,  a  )  =  <  0,  m| a)  is  '  'dependent  of  x  . 
From  Kqs.  (C30)  and  (C3), 

(  x.m|  exp[i  G  J,j  |  a)  =  elv*'\'-  ,n>  a  > 


i  9  a , 
0  ( 


x,  ni  |  a  )  ( 


where 

X  3  x  3  z’  x  i  =  N  i  cos  ®  x  2  s*n  ®  x  2  =  x  2  cos  ^  +  x  i  •'»>*>  ®  . 
Using  (C 15)  and  (CIO,',  we  now  have 
exp  [i(m  -  a  )0 ]  G(ni,a)  -  G(m,  a) 
for  all  G.  It  follows  that 
G  ( m ,  a  )  -  c  ( a  )  8 

in,  a 


and 


eizC(a  )  S 


(Cl  3) 
which 

(CM) 

(cir.) 

(CIO) 

(C10a) 

(Cl  7) 


(  x,  m|  a  > 


in,  a 


(C18) 
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Now,  from  Eqs.  (C13)  and  (C3), 


<x,m|p,  a)  =(  x,m  |  R(w)S(-/i)  |  a  ) 


=  e  ^  £  R^(«>  )(m,m,)(x,,m'|  a  ) 


(C19) 


where 


x1  =  e^  Rm(-w)x 


(C19a) 


On  using  Eq.  (C18)  in  Eq.  (09),  and  also  using  Eqs.  (04),  (A5),  and  (A6a),  we  get 

(x,m|g,a)=p  ^  C(a)  e^E^R^^  (w)(m,a)  =  p  NC(a)  e1^- Y?1'0  '  (0,i/.)|2j^yj  ' , 

(C20) 


where  0,  </>  are  the  polar  angles  of  p,  as  before.  By  redefining  (  p,  a  |y  )  ,  the 

~  -3/2  '  ~ 

quantity  C  ( a  )  can  be  set  equal  to  ( 2  ir) 

The  transformation  function  (  x,  ml  p,  a)  is  found  in  the  same  way  as  (  x,  ml  p,  a) 

~  ~  ~  1  ~ 

and  has  the  same  functional  form. 

Finally,  on  substituting  the  expansion  (C4)  into  Eq.  (Cl)  with  the  explicit  forms 
for  the  transformation  functions,  the  expansion  Eq.  (45)  is  obtained. 


G5 


Appendix  D 

A  Table  of  Generalized  Surfnce  Harmonics  for  j  =0,  1,  2 

Y°’°(0,  4> )  --  <4*f1/2 

y\'1  {6  ,<f>) --  |<3/tt)1/2(1  +  cos0) 

Y  j’°(0,£)  »  -(fi)"1/2(3/7r)1/2ol^sin  0 

Y  j’  _1  (9 ,4>)  '  (  3/r')l^2e  2  ^  ( 1  -  cos  9) 

Y  j’ 1  (6  ,<£)  =  (8)_1^2(  3/rr)  sin  0 

Y°'°(0  ,<#>)  =  -j(:ih)llicos  0 

Yj*"1(0,<#>)  =  -(8)'1/2{3/rr)1/2(.'^sin0 

Y  j  1  ( 0 ,  d>)  =-j(3/rr)1/2c>_2i<#>(l-cos0) 


Preceding  page  blank 


to  to  to  to 
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Yj1'O(0,<^)  =  (8)'1/2(3/r)1/2e_i^sin  © 

Y -  ■j(3/tt)1^2(1  +cos  ©) 

'  2  <©  ,<p)  =  <  5 /tt  ) 1  ^ 2  ( 1  +  cos  ©)2 

' 1  (0  ,6)  =  -■^-(5/Tr)ly,“ci^sin0  (1  +  cos  0  ) 
Y2’°(©,*)  =  (3/32)1/2(5/7r)1/2e2i<^  sin2© 

Y2’  *  (©  ,  9)  =  -  ^-  ( 5  /w)^2c2^  sin  ©  ( 1  -  cos  © ) 
Y2'"2(©,^>)  =  -|-(5/7r)l/2c'1 1<^(  1  -  cos©)2 
Y*'  2  (©,<#>)  =  -j(5/r) 1/2  o'1^  sin  ©  ( 1  +  cos  9 ) 

Y  2' 1  (©,<#>)  =  -j(5/-r)1/2U+cos©)(l-2cos©) 

Yg*  °  (©  .  <#>)  -  -  ( 3/8)  (5/ it)  e  ^  sin  ©  cos  © 

Y  ~l  (9  ,<f>)  =  -|-(5/7r)1^2o"i^(l  -  cos  © )  (  1  +  2  cos  ©) 
Y \’~2  (9  ,if>)  -  -  -|-(i/^)1^2e'ji^sin©(l  -  cos  © ) 

Y  g’  2  (©  ,  ^)  ~  (3/32)1/2(5/^)1/2e"2l^sin2© 
Yg'^e,^)  =  (3/8)1/2(5/Tr)1/2o'l^sin©cos© 
Y°'°(©,<*)  -■  -■J-(5/»)1/2(1-3cos20) 


,2''1<0*<#>>  =  -(  3/8) 1/2  (  5/tt)1' 2  cosine  cos  0 
^°>‘2(S  ,</>)  =  (3/32)1/2(5Ml/2e2l<#>  sin  6 


y;l,2(0  <#))iX(5/7r)1/2c-3^sine(l-cos0) 


-Mi „4(5Ml/2c-2i^(l-cose)(H2cos0) 


Yg’ 1  (®  »<#>)  s  4  (5/ 
Y-1'0(0^)  =  (3/8) 


2  ”  ’ 1"  '1 

=  (3/8)1/2(5/ir)1/2c'l</>sinficos5 


Y-l'_l  (©.«#»)  =  -|(5M1/2(l*cos0)(l-2coSe) 
Y-l,-2(g  f+),  .|(5/1r)1/2ci*sin0(l+cos9) 

Y -2'2(0^)  =  |(5M1/2c''H<#>(1-COS0)2 
2 

y-2.1  (0>*)  ■  JL<5M 1/2  c'3i<#>  sin0  (1-cosfi) 

Y l2‘°(e,4>)  -  (3/32)1/2(SM1/2e“2l*sin2e 

Y  ~2’~Ue,4>)  =  -J-(5/ir) 1/2  o'1*  sin  0(l+cos0) 


Y;2'-2(fl^)  ,-L(r,/ir)1/2(i  +  co.s0)‘ 
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